Abstract. We study exotic smoothings of open 4-manifolds using the minimal genus function and its analog for end-homology. While traditional techniques in open 4-manifold smoothing theory give no control of minimal genera, we make progress by using the adjunction inequality for Stein surfaces. Smoothings can be constructed with much more control of these genus functions than the compact setting seems to allow. As an application, we expand the range of 4-manifolds known to have exotic smoothings (up to diffeomorphism). For example, every 2-handlebody interior (possibly infinite or nonorientable) has an exotic smoothing, and "most" have infinitely, or sometimes uncountably many, distinguished by the genus function and admitting Stein structures when orientable. Manifolds with 3-homology are also accessible. For any tame, topologically embedded surface in a 4-manifold, one can smoothly distinguish infinitely many topologically isotopic surfaces, up to a suitable equivalence relation, and similarly for tame 3-manifolds. Every domain of holomorphy (Stein open subset) in C 2 is topologically isotopic to uncountably many other diffeomorphism types of domains of holomorphy with the same genus functions, or with varying but controlled genus functions.
Introduction
Classification theory for smooth structures on a fixed topological manifold is completely anomalous in dimension 4. While the theory becomes trivial in dimensions < 4 and reduces to obstruction theory in dimensions > 4, the 4-dimensional theory is much more subtle and complicated. The initial shock of discovery came the early 1980s, when the foundational theories of Freedman and Donaldson completed prior work of Casson to show that Euclidean 4-space R 4 has exotic smooth structures, even though obstruction theory is trivial on contractible manifolds. It soon developed that R 4 and many other open 4-manifolds have uncountably many diffeomorphism types of smoothings, arising in continuous families unique to dimension 4. On compact 4-manifolds, even in the simply connected case, there are frequently infinitely (necessarily countably) many smooth structures, whereas obstruction theory predicts only finitely many in any dimension and uniqueness for simply connected, smoothable 4-manifolds. The compact theory pioneered by Donaldson is very concrete, with explicitly specified smooth 4-manifolds distinguished by invariants that can often be computed and applied to basic topological problems. For example, the adjunction inequality for these invariants provides information about the minimal genus of smoothly embedded surfaces representing a given homology class. In contrast, the traditional theory for open 4-manifolds is very indirect. The smoothings are rarely specified explicitly, and are typically distinguished by indirect proofs by contradiction. There is a shortage of invariants that can be computed, or even explicit manifolds for which to compute them. The adjunction inequality is known for the special class of open 4-manifolds called Stein surfaces, but outside of that context, minimal genera of embedded surfaces appear not to have been previously investigated on open 4-manifolds. The present article begins a systematic study of smoothing theory on open 4-manifolds via minimal genera. In contrast with the compact case, it seems much easier to construct smoothings on open 4-manifolds with prespecified control of minimal genera, and these genera can be packaged into powerful invariants. We significantly broaden the range of open 4-manifolds known to exhibit exotic smooth structures (or infinitely or uncountably many), sometimes with explicitly computed invariants on explicit manifolds. We also examine compatibility with older methods, sometimes exhibiting uncountably many smoothings for each choice of minimal genera. The overall intent is to sharpen our focus on open 4-manifolds by integrating our understanding of compact phenomena into the noncompact world.
To set the stage, we review high-dimensional smoothing theory. In this theory, it is natural to classify smooth structures up to isotopy: Two smooth structures on a fixed topological manifold X with boundary are isotopic if there is a diffeomorphism between them that is topologically ambiently isotopic to the identity (i.e. the diffeomorphism is related to the identity by a homotopy through homeomorphisms). The primary obstruction to the existence of a smooth structure, extending a given smoothing on ∂X, is the Kirby-Siebenmann invariant in H 4 (X, ∂X; Z 2 ). (One does not need to work rel boundary in general, but this is the version relevant to a 4-manifold, since its boundary has dimension < 4, and hence, a unique isotopy class of smoothings.) Such a smoothing does not exist unless the invariant vanishes, and in dimensions 5, 6 and 7 a vanishing invariant guarantees existence. (Higher obstructions appear in dimensions > 7, but we could eliminate these from the discussion by replacing smoothings by PL structures, which are equivalent to smoothings in dimensions < 7.) When the obstruction vanishes, such smoothings are classified up to isotopy in dimensions 5 and 6 (and in all higher dimensions for PL structures) by H 3 (X, ∂X; Z 2 ). That is, the set of isotopy classes is in bijective correspondence with the group, canonically once we specify which structure corresponds to 0. There is a canonical map from isotopy classes on X to those on X × R, which is a bijection when dim X > 4. Thus, we can apply the high-dimensional theory to 4-manifolds by passing to dimension 5 to consider stable isotopy classes, i.e., isotopy classes on X×R. Then unlike in higher dimensions, a given stable isotopy class on a 4-manifold can be represented by many isotopy classes of smoothings, or by none at all. For open 4-manifolds, however, the map is surjective, so every stable isotopy class is realized by a smoothing of the 4-manifold. Clearly, isotopic smoothings are always diffeomorphic. The converse fails, however, even in high dimensions. For smoothings on 4-manifolds (e.g. on a twice-punctured R 4 ), stable isotopy and diffeomorphism are independent relations. The techniques of this paper frequently distinguish infinitely many diffeomorphism types within a given stable isotopy class. See [FQ] for further discussion on smoothing theory and its 4-dimensional idiosyncrasies, and [GS] for background on many of the ideas used in this paper.
Section 9.4 of [GS] summarizes what was known about smooth structures on open 4-manifolds, and was current up to the work described in the present paper. Various results on continuous families of smooth structures were combined and generalized into Theorem 9.4.24 of that book. For an open, connected topological 4-manifold X, let V ⊂ X be the complement of a compact subset, or a component with noncompact closure of such a complement. In the former case, assume V is orientable. If V has a smoothing for which some finite cover embeds smoothly in #nCP 2 for some finite n, then X admits uncountably many isotopy classes of smoothings, in each stable isotopy class agreeing with a particular one on V . Under some circumstances, one can use this theorem to distinguish uncountably many diffeomorphism types within every stable isotopy class. For example, this occurs if some end of X is collared by M 3 × R (i.e. M is closed and M × [0, ∞) properly embeds in X), where M has a bicollared topological embedding in #nCP 2 , or if M is orientable and has a finite cover smoothly embedding in #nCP 2 (Corollary 9.4.25). Many, but probably not all, closed 3-manifolds satisfy at least one of these conditions. In a different direction, Taylor's invariant [Ta] (extending earlier work in [BE] and previously [G3] ) stems from trying to embed X into a closed, spin 4-manifold with signature 0, and minimizing the resulting b 2 . (We suppress various crucial details here.) The resulting invariant, which for spin manifolds takes values in Z ≥0 ∪ {∞}, shows that if X is orientable, admitting a smoothing with a proper Morse function X → [0, ∞) with only finitely many critical points of index 3, and if H 2 (X) has finite dimension with both Z 2 and Q coefficients, then each stable isotopy class contains (at least countably) infinitely many diffeomorphism types of smoothings (cf. Theorem 9.4.29(a) of [GS] ). Note that none of the techniques discussed so far allow any control of surfaces representing specific homology classes.
The origin of the present paper is the remaining result in [GS] , i.e., Theorem 9. 4.29(b) . For this, we assume that X is orientable, H 2 (X) is nonzero, and there is a proper Morse function X → [0, ∞) whose indices are all ≤ 2. (Throughout the text, we use homology with integer coefficients except where otherwise specified.) These hypotheses allow us to access the adjunction inequality via Stein surfaces and Freedman theory. The theorem concludes that X admits (at least countably) infinitely many isotopy classes of smooth structures (realizing the unique stable isotopy class). Over the past few years, the author has expanded this method in various directions (previously unpublished) . Recently, Akbulut and Yasui [AY] , [Y] have applied related techniques to distinguish infinite families of smoothings on compact 4-manifolds with boundary, with arbitrarily large finite subfamilies admitting Stein domain structures.
(Their examples are constructed with finitely many handles, whereas the examples in the present paper come from infinite constructions involving Casson handles, as is typical of noncompact smooth 4-manifold constructions.)
The present paper uses Freedman theory to construct exotic smooth structures, and the adjunction inequality for Stein surfaces to systematically study them via the smoothly embedded surfaces they contain. We obtain various new existence theorems: Theorem 1.1. If a smooth, open (not necessarily orientable) 4-manifold admits a proper Morse function X → [0, ∞) whose indices are all ≤ 2, then it admits an exotic smooth structure.
This theorem and the next comprise Theorem 3.4. (A smoothing is exotic if it is not diffeomorphic to the preassigned one, provided the latter is given.) Theorem 1.2. A manifold X as in the previous theorem admits infinitely many diffeomorphism types of smoothings, provided that one of the following conditions holds: a) H 2 (X) = 0, b) X is nonorientable and its orientable double cover X has H 2 ( X) = 0, c) X is not a K(π, 1), d) X has an orientable (connected) cover X with H 2 ( X) = 0, and such that π 1 ( X) ⊂ π 1 (X) has only finitely many images under the homeomorphism group of X, up to inner automorphism.
For orientable X, (a) is [GS] Theorem 9.4.29(b), upgraded from isotopy classes to diffeomorphism types. The smooth manifolds produced by this theorem and the next all admit Stein structures if orientable.
Theorem 1.3. If X as in Theorem 1.1 has infinite rank H 2 , or an orientable finite cover X with π 1 (X) finitely generated but H 2 ( X) not, then X admits uncountably many diffeomorphism types of smoothings.
See Theorem 3.5 and surrounding text. Dropping the condition on Morse indices, we have (cf. [BE] ):
Theorem 1.4. Let X be a connected topological 4-manifold (possibly with boundary) with some end collared by M × R for some closed, connected 3-manifold M . If X − M × (0, ∞) is compact, assume its Kirby-Siebenmann invariant vanishes. Let M denote M (if orientable) or its orientable double cover. If H 2 ( M ) = 0, then X has infinitely many diffeomorphism types of smoothings.
See Corollary 5.4. This is not new, since Bižaca and Etnyre [BE] proved that every 4-manifold with a collared end admits infinitely many diffeomorphism types of smoothings (provided that some homeomorphism type of collar occurs in only finitely many ends). However, their appproach gives no control of genera of surfaces. Furthermore, Theorem 1.4 is a special case of a much more general result (Corollary 5.2 and its predecessor Lemma 4.6) that also covers examples such as the following (Theorem 5.7(b)):
Theorem 1.5. If X admits a Morse function as above with all indices ≤ 1, then X has infinitely many diffeomorphism types of smoothings. If H 1 (X) is not finitely generated, there are uncountably many.
There are other approaches to this latter theorem: Taylor's invariant distinguishes infinitely many diffeomorphism types, and for orientable X, Theorem 9.4.24 of [GS] gives uncountably many isotopy classes (or diffeomorphism types if H 1 (X) is finitely generated). What is most interesting here is that when H 1 (X) = 0, this theorem follows just by studying genera of embedded surfaces, even though H 2 (X) = 0. We also use this technology to distinguish topological submanifolds of smooth 4-manifolds (Section 6). We define a weak notion of myopic equivalence of subsets of manifolds (generalizing [G1] ), and use genera of surfaces to distinguish equivalence classes. Recall that a topologically embedded submanifold of X is called tame if it is the 0-section of a vector bundle, topologically embedded in X with codimension 0. Theorem 1.6. In a smooth 4-manifold, every closed, tame surface or 3-manifold (with additional reasonable hypotheses in the latter case) is topologically ambiently isotopic to other submanifolds representing infinitely many myopic equivalence classes.
Clearly, any diffeomorphism X → Y (between oriented 4-manifolds but possibly reversing orientation) sends the genus filtration of X to that of Y , so the genus-rank function is a diffeomorphism invariant of smooth structures on X, determined by the genus function (and intersection form up to sign). Similarly, for any subgroup A ⊂ H 2 (X), we can define a relative genus filtration Γ A,g by replacing H 2 (X) with its quotient by A (and further torsion) in the above discussion. (While G and Q need not descend to the quotient, we can still study the rational span of surfaces with given bounds on genus and self-intersection.) This filtration will be preserved by diffeomorphisms X → Y that preserve the corresponding subgroups A, so the corresponding relative genus-rank function will be a diffeomorphism invariant of smoothings on X whenever A is chosen to be a homeomorphism-invariant subgroup (such as the image of the Hurewicz map or span of elements with a given constraint on their self-intersection).
In Section 3, we study the genus function on the interiors of handlebodies H whose handles all have index ≤ 2. Lemma 3.2 asserts that for a nested sequence of subhandlebodies H i of H, under weak hypotheses there are smoothings of int H for which each subgroup H 2 (int H i ) lies in the genus filtration of int H, and the corresponding characteristic genera can be chosen to increase arbitrarily rapidly. These smoothings admit Stein structures whenever H is orientable, realizing any preassigned homotopy class of almost-complex structures (Addendum 3.3). More generally, we can arrange the same control of G in a preassigned cover of H for the lift of some smoothings on H, and we can work relative to the subgroup coming from the preimage of H 0 . Several of the above theorems result directly from this control of the genus function of smoothings. We also see that if H is orientable and H 2 (H) is finitely generated, then any maximal filtration of H 2 (H) by direct summands can be realized as the genus filtration of some Stein smoothing of int H, with arbitrarily rapidly increasing characteristic genera (Theorem 3.8). We take a closer look at some specific examples, namely an infinite connected sum of copies of S 2 × S 2 , and interiors of boundary sums of disk bundles over surfaces (Examples 3.6 and Theorem 3.10). The S 2 × S 2 sum was inaccessible by older methods, but shown to have infinitely many isotopy classes of smoothings via the adjunction inequality in [GS] ; we now exhibit uncountably many diffeomorphism types. For infinite sums of bundles over RP 2 (for example), nothing was previously known; we now obtain uncountably many diffeomorphism types in this case and with arbitrary surfaces in place of RP 2 . In each case, we see that the genus filtration can be chosen with great flexibility, and the 4-manifolds are Stein if orientable. For a single orientable bundle over an orientable surface, we completely determine the possible minimal genera of the generator. (Everything allowed by the homotopy theory is realized by a smoothing.) A related result applies to orientable total spaces over nonorientable surfaces, using genera of nonorientable surfaces, or orientable surfaces in the double cover. These examples are constructed completely explicitly, unlike most exotic smoothings on open 4-manifolds. In fact, Lemma 3.2 is proved constructively, so most of the smooth manifolds in this section can be described explicitly with sufficient work. (Even the ramification of the Casson handles can be specified explicitly and need not occur above the first stage.)
We then eliminate the restriction on indices of handles by introducing the notion of minimal genus at infinity, in the spirit of end-homology. As a simple example, S 1 × R 3 admits smoothings realizing any element of Z ≥0 ∪ {∞} as the minimal genus of the generator at infinity (Theorem 5.7(a)). We define the new genus function G ∞ and prove the main technical lemma in Section 4, then give applications in Sections 5 and 6. We prove a deeper version of Theorem 1.4 for manifolds X with collared ends (Corollary 5.4) that shows that X admits smoothings for which any preassigned filtration of H 2 ( M ) by direct summands (Z 2 -invariant if M is nonorientable) is contained in the genus filtration of that end, and the corresponding characteristic genera increase arbitrarily rapidly. If X = M × R, then (Corollary 5.5) we can independently choose two filtrations of H 2 (X) to lie in the genus filtrations of X and of one end, respectively (working Z 2 -invariantly in the orientable double cover if necessary). These results on collared ends are special cases of stronger theorems applying when a closed subset of X is given by a compact handlebody with an infinite nested intersection of compact handlebodies removed, with all indices ≤ 2. For example, we obtain (Corollary 5.2) infinitely many diffeomorphism types as in the collared end setting, for 4-manifolds with much more general end behavior, including infinite 1-handlebody interiors as in Theorem 1.5. In this latter example, we have great flexibility in choosing the genus filtration and genus-rank function at infinity.
We also prove stronger versions of Theorem 1.6 on topological submanifolds (Section 6) by defining the minimal genus function of a subset of a smooth 4-manifold via its neighborhoods. We have considerable control over this function for tame surfaces and 3-manifolds, for example, realizing all values ≥ g (F ) by ambient isotopy when F is a smoothly embedded orientable surface in an orientable 4-manifold. This distinguishes infinitely many myopic equivalence classes ambiently isotopic to a given surface or 3-manifold, proving Theorem 1.6. (Myopic equivalence is generated by calling two subsets related if they have arbitrarily small diffeomorphic neighborhoods, where the diffeomorphism need not preserve the subsets except up to homotopy. We demonstrate the weakness of this equivalence relation by giving examples of what it fails to distinguish, most notably (Proposition 6.7) certain local knots.)
Having explored the variety of smooth structures that can be detected by the genus functions, we then examine what these functions fail to detect, in Section 7. By incorporating older methods originally used for detecting exotic R 4 's of various sorts, we can sometimes exhibit uncountably many smoothings with the same genus functions G and G ∞ . For example, if a smooth, open 4-manifold embeds smoothly in #nCP 2 , then it admits uncountably many other diffeomorphism types with the same G and G ∞ . (See Theorem 7.1.) Dropping the embedding hypothesis, we show (Theorem 7.7) that any finite connected sum of copies of ±CP 2 , S 2 ×S 2 , and K3-surfaces, with a point removed, has uncountably many diffeomorphism types realizing the same genus filtration and genus-rank function, where the former can be chosen to be any preassigned maximal filtration of the 2-homology, and the latter can be chosen with arbitrarily rapidly increasing characteristic genera. Theorem 7.1 can be used to refine many of the previous results. (See Corollary 7.2.) For example, every orientable R 2 -bundle over an orientable surface F has uncountably many diffeomorphism types realizing any fixed minimal genus ≥ g (F ) , and S 1 × R 3 has uncountably many diffeomorphism types realizing each element of Z ≥0 ∪ {∞} as the minimal genus of the generator at infinity. Similar results apply for nonorientable F , and for (possibly infinite) 1-handlebody interiors and end-sums of bundles over surfaces, provided that in the latter case, the Euler numbers have the same sign. The smoothings supplied by Theorems 7.1 and 7.7 admit Stein structures, provided that for the former theorem, the original model smoothing was Stein. This allows us to prove a theorem related to classical complex analysis in C 2 . A domain of holomorphy is an open subset of C 2 (or of another Stein manifold) for which the inherited complex structure is Stein. Corollary 7.6(a) implies: Theorem 1.9. For every domain of holomorphy U in C 2 , the inclusion map is topologically isotopic to other embeddings, whose images are also domains of holomorphy and represent uncountably many diffeomorphism types of smoothings of U . These all have the same genus functions G and G ∞ .
Corollary 7.6 also applies to more general ambient spaces such as (possibly infinite) blowups of C 2 , and incorporates covering maps. In addition, it shows that in such an ambient space, every open subset admitting (up to homeomorphism) a proper Morse function to [0, ∞) with all indices ≤ 2 is isotopic in this manner to uncountably many diffeomorphism types of domains of holomorphy, with the same G and G ∞ , and G can be chosen with our usual control.
We explore several further ideas in the final Section 8. Having already focused on forcing minimal genera to be large, we ask how small they can be. There is a lower bound obtained by defining topological analogs of G and G ∞ using tame surfaces. We show that this lower bound is always realized: Every open 4-manifold X has a smoothing for which G and G ∞ are given by their topological values, both in X and all of its covers. In fact, each stable isotopy class canonically determines such a smoothing (Theorem 8.1). We also show how to extract additional information about smoothings by allowing our surfaces to be immersed. We define the kinkiness of a homology class in a smooth, oriented 4-manifold by separately minimizing the numbers of positive and negative double points of minimal-genus immersed representatives (cf. [G1] ). This gives two integer invariants instead of just one obtained by minimizing embedded genera, and unlike the latter, these can show that a smoothing admits no orientation-reversing self-diffeomorphism. We prove (Theorems 8.3 and 8.4) that for many R 2 -bundles over surfaces, every pair of nonnegative integers can be realized as the kinkiness of uncountably many smoothings, and all pairs (now allowing ∞) can be realized by myopic equivalence classes topologically ambiently isotopic to a preassigned smoothly embedded surface with |F · F | ≤ 2g (F ) . Similar results apply to other smooth or tame surfaces. To conclude the paper, we put our results back in context by reconsidering the question of whether all open 4-manifolds admit exotic smooth structures. There still seems to be no known way to detect exotic smoothings for Example 8.7, or even construct good candidates for these.
Background
We begin our discussion of necessary background material with remarks on the topology of smooth, open manifolds. Every such manifold X admits a proper Morse function f : X → [0, ∞), although infinitely many critical points may be required. In the finite case, it is well known that such a function exhibits X as the interior of a finite handlebody. Similarly, in the infinite case, X is the interior of an infinite handlebody H with the maximal index k of its handles equal to that of the critical points of f . (See [G6] for a proof.) We require handles to be attached in order of increasing index, and infinitely many 0-handles are required so as to avoid clustering of attaching regions on compact boundaries. We can now state our theorems in the language of handle theory without loss of generality. Of special interest is the k = 2 case. Then H 3 (X; Z 2 ) = 0 (and similarly for higher obstructions), so there is a unique stable isotopy class of smoothings. Furthermore, there are no 3-chains, so H 2 (X) is free abelian (although not necessarily finitely generated). If H 0 is a subhandlebody of H, i.e., H is made from the handlebody H 0 by attaching handles (to handles of lower index), the long exact sequence of the pair shows that when all handles have index ≤ 2, H 2 (H 0 ) is a direct summand of H 2 (H). Note that the handle structure is part of the defining data of a handlebody. We always assume (without loss of generality in dimension 4) that the attaching maps defining a handlebody are smooth, although we sometimes topologically embed handlebodies or otherwise construct exotic smoothings on their interiors.
Stein surfaces are complex surfaces (hence oriented 4-manifolds) arising as closed subsets of C N . They have a long and continuing history in complex analysis, but we will only need a few basic facts about them. (See [GS] for more details and [CE] for a broader perspective.) By work of Eliashberg, a smooth, oriented 4-manifold X admits a Stein structure if and only if it has a proper Morse function X → [0, ∞) with all indices ≤ 2 and a certain framing condition satisfied. This, in turn, is equivalent (by [G6] Theorem A.2 in the infinite case) to exhibiting X as the interior of a handlebody with all indices ≤ 2 and suitably framed 2-handles. Specifically, each 2-handle is attached to a finite union of 0-and 1-handles, whose boundary inherits a canonical contact structure, and the 2-handle attaching circles must be Legendrian with framing obtained from the contact framing by adding a left twist. This condition can be reformulated in topological terms, and read off of a suitable diagram. The practical effect is that for a handlebody H 0 with all indices ≤ 1, oriented as a 4-manifold, and a proper embedding into ∂H 0 of a disjoint union of circles, the latter can always be framed so that the handlebody H obtained by adding 2-handles to these framed circles has Stein interior (inducing the preassigned orientation). Given any such framing, any other framing obtained from it by adding left twists will also determine a manifold admitting a Stein structure. However, adding enough right twists typically produces a manifold that admits no Stein structure. The most basic invariant of a Stein surface S is the Chern class c 1 (S) ∈ H 2 (S) of its tangent bundle with the induced complex structure. If S is exhibited as the interior of a handlebody H as above, then this class is represented by a Chern cocycle for the cellular cohomology of the associated CW 2-complex (with a k-cell for each k-handle of H). The Chern cocycle is well-defined once we fix a complex trivialization of the tangent bundle over the 0-and 1-handles, for example, by drawing a Legendrian diagram for the handlebody. Its value on each oriented 2-cell is called the rotation number of the corresponding (suitably oriented) attaching circle, and can be read from a diagram. If we change H by removing one 2-handle and replacing it, with an additional left twist in the framing, the corresponding rotation number will change by ±1. We can choose the sign arbitrarily, so we obtain two Stein structures on the same handlebody interior, with two different Chern cocycles. If these cocycles determine different cohomology classes, then the Stein structures are distinguished by their complex tangent bundles (i.e. they determine almost-complex structures that are not homotopic).
We can now state the adjunction inequality for Stein surfaces. The following version is adapted from Nemirovski [N] .
Theorem 2.1. Let F be a closed, oriented surface of genus g (F ) , generically smoothly immersed in a Stein surface S, with k positive double points (and some number of negative double points). If F is not a nullhomotopic sphere (or disjoint union thereof ), then
In [N] and elsewhere in the literature, F is assumed to be connected. Since we need disconnected surfaces, for example to conveniently deal with multiple ends of a manifold, we extend to the disconnected case by the proof below. The version in [N] also tracks some negative double points. We do not need that version here, and outside of our final Section 8, only need the embedded version (so k = 0). The inequalities under discussion descend from a long line of adjunction inequalities, originating on closed manifolds via gauge theory pioneered by Donaldson and subsequently upgraded to Seiberg-Witten theory. For further references and a current exposition, see [Fo] .
Proof. It suffices to assume S is connected, since the general case then follows by a simple computation. Tube together all components F r of F , avoiding the double points so that both sides of the inequality are preserved, then apply the connected case from [N] . If the inequality fails, the resulting connected surface must be a nullhomotopic sphere with all double points negative. Then each F r is a sphere and 0 = [F ] = r [F r ]. Squaring and using negativity of the double points, we conclude that each F r fails the above inequality, so must be a nullhomotopic sphere, and these spheres are pairwise disjoint.
To construct exotic smooth structures, we will need to replace 2-handles by Casson handles [C] , [F] . Let h be a 2-handle attached to a 4-manifold X along a circle C ⊂ ∂X, and let D ⊂ h be a generically immersed 2-disk with ∂D = C. Then the singularities of D are all transverse double points, which have well-defined signs once an orientation for the 4-manifold h is specified. Let T 1 be a compact regular neighborhood of D, which we think of as an oriented 4-manifold abstractly attached to X in place of h, along the same framed circle. When D is not embedded, we will call T 1 a kinky handle or 1-stage tower with core D and attaching region T 1 ∩ X. The oriented diffeomorphism type of (T 1 , C) is determined by the numbers of double points of each sign. In fact, T 1 is obtained from a 2-handle h * by self-plumbing to create the given numbers of double points of each sign in the core disk, although the framing for attaching h * is obtained from that of h by subtracting twice the signed count Self(D) of the double points. (The canonical framing of C in h is the unique framing determining a parallel push-off C ′ of C for which C and C ′ bound disjoint surfaces in h. The framing retains this property in T 1 . However, the canonical framing of h * is determined by a parallel push-off of D in T 1 , which intersects D in 2 Self(D) points, counted with sign, and to compensate we must subtract this number from the original framing to get the framing for attaching h * .) There is a canonical local procedure for adding a double point of either sign to an immersed surface in a 4-manifold, and repeatedly applying this to the core of h gives a disk D as above realizing any given numbers of double points of each sign. Furthermore, the local procedure is reversible in that we can find a 2-handle attached to T 1 in h near each double point, so that attaching the 2-handles changes T 1 back into h. If we replace these 2-handles by kinky handles inside them, we obtain a 2-stage tower T 2 . Iterating the construction, we obtain n-stage towers for all n ∈ Z + , T 1 ⊂ T 2 ⊂ T 3 · · · , each obtained from the previous one by attaching kinky handles to a suitable framed link. The union of these towers, with all boundary outside of X removed, is called a Casson handle CH attached to X with attaching circle C (framed as for h and T 1 ). By construction, CH has a standard embedding in the 2-handle h. Note that while each tower has free fundamental group generated by the top-stage double points, the inclusion maps are π 1 -trivial, so CH is simply connected. In fact, Freedman proved that every Casson handle is homeomorphic (rel the framed attaching circle) to an open 2-handle D 2 × R 2 , which led immediately to revolutionary developments such as his classification of closed, simply connected, topological 4-manifolds ( [F] , as sharpened by Quinn [Q] Casson handles are classified, up to orientation-preserving diffeomorphism respecting the subtowers, by based, signed trees with no finite branches. To define the tree for a given Casson handle, start with a vertex for each kinky handle, with the base point corresponding to T 1 . Then add an edge for each pair of kinky handles that are directly attached to each other, labeled with the sign of the associated double point. We obtain a bijection sending Casson handles to based signed trees where only the base point is allowed to have valence one. If the based, signed tree for CH is contained in that of CH ′ , then CH ′ is called a refinement of CH, and by construction, there is an orientation-preserving embedding CH ′ ⊂ CH respecting the framed attaching circles (and attaching regions) of the Casson handles. Any finite collection of Casson handles has a common refinement, the quickest construction being to identify the base points of their trees.
Our main tool for constructing exotic smooth structures for which the adjunction inequality can be applied is the following theorem: G4] ). Every oriented handlebody with all indices ≤ 2 has interior X orientationpreserving homeomorphic to a Stein surface, whose Chern class pulls back to a preassigned lift of w 2 (X).
The main idea is that replacing a 2-handle by a kinky handle with Self(D) > 0 is equivalent to replacing it by a new 2-handle with a more left-twisted framing, and then doing self-plumbings. By choosing each Self(D) sufficiently large, we can arrange the result of attaching the new 2-handles to have Stein interior, and the self-plumbings do not disturb the Stein condition. Iterating the construction, we can build a Stein surface with Casson handles in place of the original 2-handles, and this is homeomorphic to X by Freedman's theorem. Choosing each first-stage Self(D) even larger, we obtain framings that are even more negative. Realizing these by Legendrian circles gives us the necessary flexibility in the rotation numbers (which change by ±1 each time the framing drops by 1) so that we can realize any preassigned Chern cocycle, yielding the required Chern class, and more generally, any preassigned homotopy class of almost-complex structures [G4] . The necessary values of Self(D) at the first stage depend on the original handlebody and Chern cocycle, and can be computed from a diagram. At higher stages it suffices to use any kinky handles with Self(D) > 0, so a single double point (positive) is sufficient.
Remark 2.3. A more efficient and general approach to Freedman theory is given in [FQ] . The improvement comes from interleaving the layers of immersed disks with many layers of embedded surfaces of higher genus. The resulting infinite towers, as given in that text, are not compatible with Stein theory, since the disks are constructed with Self(D) = 0. However, one can modify the theory to allow Self(D) to be positive, and the resulting towers can be used for the above theorem. (Increasing genus is similar to increasing Self(D).) One advantage is that the resulting exotic handles can be smoothly embedded into other 4-manifolds so that the closures are tame topological 2-handles. Details will appear in [G8] .
Controlling the genus function
The simplest application of Theorem 2.2 to smoothing theory is to construct Stein exotic smoothings on a handlebody interior and distinguish them by the adjunction inequality. We gain extra generality, allowing nonorientable manifolds for example, by passing to a cover first. For this reason, our convention throughout the text is not to assume orientations on manifolds, unless otherwise stated such as in reference to Stein surfaces or negative definite manifolds, and not to assume that maps such as homeomorphisms preserve orientation. Before stating the main lemma, we introduce some useful terminology.
Definition 3.1. Let H be a handlebody with all indices ≤ 2. We will say a smooth structure on int H has Casson type if it is obtained from the standard smooth structure by replacing some of the 2-handles with Casson handles. If H is oriented, and the smoothing admits a compatibly oriented Stein structure constructed as in Theorem 2.2, we will say int H has Stein-Casson type.
Both of these properties pull back under covering maps, as does being a refinement of some Stein-Casson smoothing (i.e., being a Casson-type smoothing obtained from a Stein-Casson smoothing by refining each Casson handle). Note that by definition, the above smooth and Stein structures are standard on the 0-and 1-handles (resulting in a well-defined isotopy class of contact structures on the boundary of their union). This avoids technicalities with removing handles or attaching new ones.
Lemma 3.2. For a given n ∈ {2, 3, . . . , ∞}, let H 0 ⊂ H 1 ⊂ · · · ⊂ H n be a nested sequence of subhandlebodies of a 4-dimensional handlebody H n , each with possibly infinitely many handles, all of index ≤ 2.
Suppose each A i /A 0 with i < n has finite rank. Then there is an increasing sequence {k i | 0 < i < n} of integers, and a smooth structure Σ on X n , such that each A i /A 0 , 0 < i < n, equals the span in A n /A 0 of all surfaces F in X n that are smoothly embedded with respect to π * Σ and have g (F ) and |F · F | ≤ k i . The sequence {k i } can be chosen to increase arbitrarily rapidly from an arbitrarily large k 1 .
Thus, we can smooth X n so that each A i /A 0 (which is free abelian) is Γ A0,ki ( X n ) in the genus filtration of X n relative to A 0 , with control of the characteristic genera. If A 0 has finite rank, then we can eliminate the quotients by A 0 from the conclusion of the lemma by shifting the indices so that X 0 is empty, and then each A i equals Γ ki ( X n ) in the absolute genus filtration of X n . If X 1 is empty, then k 1 provides a lower bound for minimal genera of all nontrivial classes α in H 2 ( X n ) with |α · α| ≤ k 1 .
To prove the lemma by induction, and for applications such as the main lemma of Section 4, we will need a relative version of the lemma. If X n inherits the orientation of X n via π, then Σ can be taken to extend an arbitrary Stein-Casson smoothing of X 1 . For a more general statement, let X n denote the orientable double cover of X n if the latter is nonorientable, and X n or two copies of it otherwise. In the last case, assume X n lies in a nonorientable 4-manifold Y over which π extends, and its domain Y inherits an orientation from X n . (The main application is when Y = X n is nonorientable and we focus on orientable subhandlebodies X i .) In each case of X n , π factors through X n , and orients it if X n is connected. We allow X n to be disconnected, but require its orientation to be compatible with one on X n . If the latter is two copies of X n , we require these to inherit opposite orientations (i.e., orientations induced by the orientable double cover of Y ).
Addendum 3.3. The smoothing Σ given by the lemma has Casson type, lifting to a refinement of some Stein-Casson smoothing Σ on X n (realizing a preassigned homotopy class of almost-complex structures). If X n is oriented via π, then we can assume Σ equals this Σ on X = X. The smoothings Σ and Σ can be chosen arbitrarily over X 1 , subject to the conditions of the previous two sentences. Similarly, for fixed m with 1 < m < n, they can be chosen to agree with corresponding smoothings for X m previously constructed by the lemma and addendum (using the same Y as for X n when Y is given, or Y = X n if X m is orientable but X n is not), with the same values of k 1 , . . . , k m−1 . Including the case m = 1, k m can be any integer > k m−1 and large enough to allow a suitable spanning set in X m for A m /A 0 (for a preassigned smoothing of X m as above). Furthermore, Σ can be chosen to also be a refinement of a preassigned Casson-type smoothing of X n (that extends the preassigned one on X m if given).
Proof of Lemma 3.2 and Addendum 3.3. First we prove the case n = 2. If Σ and Σ were not preassigned over X 1 , we must first suitably construct them. If X 1 = X 1 , let Σ = Σ be any Stein-Casson smoothing of X 1 (respecting the orientation inherited from X 1 , and if applicable, respecting the almost-complex structure and refining the preassigned smoothing). Otherwise, choose a Stein-Casson smoothing Σ on X 1 (suitably respecting the data). Each 2-handle h of X 1 has two lifts to X 1 , inducing two different Casson handle structures on h. Because of the orientation mismatch, orienting h results in one Casson handle having excess positive double points, and the other having excess negativity. Define Σ so that h is a common refinement of these two Casson handles (and of the preassigned one if given). Now that Σ|X 1 and Σ| X 1 are defined, extend the latter to a Stein-Casson smoothing of X 2 . Choose a finite collection {F r } of oriented surfaces in X 1 , smoothly embedded with respect to π * Σ, spanning A 1 /A 0 . Choose any integer k 1 larger than each g (F r ) and |F r · F r |. Let {h l } be the set of 2-handles of H 2 disjoint from X 1 , oriented as 2-chains lifting a fixed choice of orientations on H 2 . For each l and choice of sign, obtain a Stein surface S ± l homeomorphic to X 2 , by lifting Σ from X 2 to X 2 and then refining h l , leaving its complement unchanged, so that the Chern cocycle r(S ± l ) on h l is bounded away from 0 by ±3k 1 . For fixed sign, we can use the same refinement for each h l over a given 2-handle of X 2 . This allows us to extend Σ to a Casson-type smoothing of X 2 with each 2-handle interior smoothed as a refinement of each of its lifts to the corresponding Stein surfaces S ± l (and a refinement of the preassigned smoothing if given). Clearly, A 1 /A 0 is spanned as required by the smooth surfaces {F r }. However, any cycle representing a homology class outside of A 1 has the form mh l + α for some l, where m is nonzero and α is the contribution from other 2-handles. If F is a π * Σ-smooth surface representing this class with |F · F | ≤ k 1 , then it includes smoothly in the corresponding Stein surfaces S ± l . By the adjunction inequality, 2g (F ) 
, α | ≥ 2k 1 if we choose the sign for S ± l so that the two terms in the absolute value bars have the same sign. (Note that the latter of these is independent of the sign.) In particular, g(F ) > k 1 as required.
For n > 2, we apply induction. For a given i > 2, we assume X i−1 has already been smoothed by the lemma and addendum, with X i−1 defined using the required Y if specified (as in the addendum). We apply the n = 2 version to the triple X 0 ⊂ X i−1 ⊂ X i , suitably extending the smoothing from X i−1 to X i using the addendum. This extends our previous Σ, and hence our previous Stein surfaces S ± l .
Together with the newly constructed Stein surfaces, these give the required lower bounds on minimal genera. (Without reusing the old Stein surfaces S ± l , it would be conceivable that the new handles of X i could lower the minimal genus of a class in A 2 below k 1 , for example.) If n = ∞, the induction gives a smoothing on each X i with i finite. These all agree on their overlaps, so we obtain a smoothing on X ∞ , which has the required properties by compactness of the relevant surfaces.
We can now create many exotic smooth structures, using control of the genus function to distinguish them. The rest of this section illustrates the method with some sample applications. The subsequent two sections apply the lemma more deeply to study minimal genera at infinity.
Theorem 3.4. Let X be the interior of a (connected) handlebody with all indices ≤ 2. Then X admits more than one diffeomorphism type of smooth structures. It admits infinitely many provided that one of the following conditions holds: a) H 2 (X) = 0, b) X is nonorientable and its orientable double cover X has H 2 ( X) = 0, c) X is not a K(π, 1), d) X has an orientable (connected) cover X with H 2 ( X) = 0, and such that π 1 ( X) ⊂ π 1 (X) has only finitely many images under the homeomorphism group of X, up to inner automorphism.
The orientable case of (a) is proved up to isotopy in [GS] Theorem 9.4.29(b) by a simpler application of the same idea. The π 1 condition in (d) is always true for a cover X of finite degree d when π 1 (X) is finitely generated, for then the latter is realized by a 2-complex with finite 1-skeleton, which has only finitely many d-fold covers. The smoothings of (a-d) have Stein-Casson type when X is oriented.
is uniquely determined by the homeomorphism type of X, as is the universal covering in (c), so (a), (b) and (c) are all special cases of (d). In that case, the hypothesis on π 1 guarantees that X has finitely many coverings X m → X such that every self-homeomorphism of X lifts to a homeomorphism X → X m for some m. Let Σ be a smoothing of X. For each m, H 2 ( X m ) ∼ = H 2 ( X) = 0, so we can choose a homologically essential surface in X m that is smooth with respect to the lift of Σ. Let g m and q m be its genus and self-intersection. Lemma 3.2 with n = 2 and H 1 empty gives us another smoothing Σ ′ of X for which every smooth essential surface F in its lift to X has g (F ) or |F · F | > max m {g m , |q m |}. There can be no diffeomorphism from X Σ ′ to X Σ , for this would be a self-homeomorphism of X. Lifting to a homeomorphism X → X m for some m, we would obtain a diffeomorphism between the corresponding lifts of Σ ′ and Σ. But by construction, the latter lift has an essential surface of genus g m and self-intersection q m , whereas the former cannot, yielding the required contradiction. Now repeat the entire construction with Σ ′ in place of Σ, and inductively obtain a sequence of nondiffeomorphic smooth structures on X. To see that X always admits more than one smooth structure, it now suffices to consider the case when X is a K(π, 1). In that case, the universal cover X is contractible and has no 3-handles, so by Theorem 4.3 of [Ta] , the standard smooth structure on X has vanishing Taylor invariant. If we form the end-sum of X with an exotic R 4 (cf. Section 7) whose Taylor invariant is nonzero, then the universal cover will have nonzero (possibly infinite) Taylor invariant. Thus, we have two smooth structures on X with nondiffeomorphic universal covers.
Note that unlike our previous orientable examples, the exotic smooth structure we obtain when (a-d) fail cannot be Stein or Casson type. This is because its universal cover has nonzero Taylor invariant, so admits no handle decomposition without 3-handles. In fact, any handle decomposition of the exotic R 4 summand requires infinitely many 3-handles [Ta] , and no such decomposition is explicitly known, making this case the only nonconstructive proof in this section.
Next we find uncountable families.
Theorem 3.5. Let X be the interior of a handlebody with all indices ≤ 2. Suppose X has an orientable finite cover X with H 2 ( X) not finitely generated, and such that π 1 ( X) ⊂ π 1 (X) has only countably many images under the homeomorphism group of X, up to inner automorphism. Then X admits uncountably many diffeomorphism types of smooth structures, with the cardinality of the continuum in ZFC set theory.
There is a family with this cardinality that can be distinguished by their genus-rank functions on X.
Given the first sentence of the theorem, if H 2 (X) has infinite rank, then the hypotheses are satisfied with X given by X (if orientable) or its orientable double cover, and the proof gives the required cardinality without the ZFC restriction. The π 1 -condition again is automatically true if π 1 (X) is finitely generated, and the smoothings again have Stein-Casson type when X is oriented.
Proof. First we construct smoothings on X indexed by I * = [0, 1). Each r ∈ I * has a unique binary expansion with infinitely many zeroes. Let n(r, i) denote the number of zeroes among its first i digits. Write the given handlebody as a nested union of finite subhandlebodies with interiors X i , strictly increasing A i = H 2 ( X i ), and X 0 empty. Then for each r ∈ I * , Lemma 3.2 applies with X ∞ = X and sequence {X n(r,i) |i ∈ Z ≥0 }. By Addendum 3.3, the resulting smoothings Σ r of X can be assumed to be constructed by induction on i so that all elements of I * agreeing with a given r in the first i digits give the same smoothing over the i th subhandlebody X n(r,i) . Since we construct only finitely many (namely 2 i ) smoothings at the i th stage of the construction, we can arrange the corresponding sequences {k i } to be independent of r. Then when two values of r first differ at the i th digit, the subgroups
have different ranks, so the two smoothings π * Σ r on X are nondiffeomorphic, distinguished by their values γ(k i ) of the genus-rank function. We show that on X, each diffeomorphism type occurs for only countably many values of r, implying that the diffeomorphism types have the specified cardinality (cf. [DF] ). As in the previous proof, the π 1 -hypothesis guarantees that X has countably many coverings X m → X such that every self-homeomorphism of X lifts to a homeomorphism X → X m for some m. For r, s, t ∈ I * , suppose the corresponding smooth structures on X are diffeomorphic. Then the lifts of Σ s and Σ t to X are diffeomorphic to lifts of Σ r to some X l and X m , respectively. If l = m then Σ s , Σ t have diffeomorphic lifts to X, so we must have s = t. Thus, the set of smoothings in our collection that are diffeomorphic to Σ r injects into our countable set of coverings X m → X, so is countable as required.
Examples 3.6. (a) Consider the infinite connected sum of copies of S 2 × S 2 with a single end. This is given in [GS] (following Theorem 9.4.29) as an example with infinitely many isotopy classes of smoothings, but which was not known to admit uncountably many smoothings (cf. [GS] Theorem 9.4.24) and is not accessible by Taylor's method [Ta] . Theorem 3.5 above distinguishes uncountably many diffeomorphism types. The proof allows much freedom to choose the resulting genus filtration and groups of self-diffeomorphisms. The standard smoothing has a basis of spheres, and diffeomorphisms realizing many permutations of these. By choosing the subhandlebodies carefully, we can group these basis elements in any desired way as bases for subgroups Γ k of the genus filtration of a smoothing, with only the constraint that Γ k /Γ k−1 should be finitely generated when k is not extremal. (We can choose the filtration to have finitely or infinitely many subgroups, and the last and first nonvanishing Γ k need not be finitely generated.) Constructing the diffeomorphism types with more care as for Theorem 3.10 below, we can choose the genus-rank function to be any nondecreasing function with γ(0) = 0 (or similarly for the analogous function working mod the first nonvanishing Γ k ), and control which of the above permutations are realized by diffeomorphisms. Note that since the smoothings constructed here must be Stein (or more generally, Stein-Casson refinements), there can be no smoothly embedded homologically essential spheres with trivial normal bundle. In contrast, any smoothing with infinitely many standard S 2 × S 2 summands must be isotopic to the standard one, by the S 2 × S 2 -stable proper h-Cobordism Theorem. b) Let {F m } be a countable, nonempty family of closed, connected surfaces (not necessarily orientable), and let X be an end-sum of R 2 -bundles over these, or equivalently, the interior of a boundary sum of disk bundles over them. When the family {F m } is finite, [BE] (or the Taylor invariant) produces (countably) infinitely many smoothings, and if X is also orientable, there are uncountably many smoothings (cf. [GS] Corollary 9.4.25), up to diffeomorphism in each case. In either case, there is no control of minimal genera. In fact, the smooth structure can be assumed to only change by end-sum with an exotic R 4 , so for example, the exotic smoothings will still have each F m smoothly embedded, and the obvious selfhomeomorphisms (preserving an orientation of X if one exists) will still be diffeomorphisms. In contrast, our method gives infinitely many diffeomorphism types with control on minimal genera, without the finiteness assumption: Lemma 3.7 below gives a suitable covering X of X (with degree 1,2 or 4), so Theorem 3.4(d) gives the required smoothings. Since these are produced by Lemma 3.2, we can arrange that no section F m is smoothable in the given structures. (Arrange each orientable lift to X to be unsmoothable by forcing the minimal genera to be sufficiently large, taking n = ∞ in Lemma 3.2 if there are infinitely many summands.) With a bit more care as in (a) above, any proper subset of {F m } whose lifts to X obey the adjunction inequality (with c 1 = 0 and for a preassigned orientation on X) can be arranged to be smoothly embedded, since the standard smoothings of the relevant bundles are Stein. The remaining surfaces F m can be grouped into finite subsets whose corresponding homology classes in X have successively larger minimal genus. If there are many m realizing the same bundle, there will be self-homeomorphisms of X permuting these bundles, but such grouping controls which of these are realized by diffeomorphisms, as in (a). Closer analysis of the constructed smoothings can yield much more detailed information about the genus function, for example, Theorem 3.10 below. c) Now we assume the above family {F m } is infinite, so Taylor's method may not apply. Such manifolds X were given in [GS] (with each F m diffeomorphic to RP 2 ) as examples not known to have exotic smooth structures. Applying Theorem 3.5 to X → X, we obtain uncountably many diffeomorphism types of exotic smoothings on X. We still have control of the genus filtration, and have more subtle control as well. Suppose, for example, that X and each F m are orientable, so X = X, and there are infinitely many F m of each genus. Let Y g ⊂ X be the union of summands that are bundles over surfaces F m with genus ≤ g. We may have many self-homeomorphisms of X permuting the surfaces F m of each fixed genus (when the bundles agree). However, we can rule out diffeomorphisms permuting their homology classes: First, apply Lemma 3.2 to Y 0 , obtaining a smoothing on it such that for every r ∈ Z + , the first r topological spheres F m span some Γ k . Then apply the lemma and its addendum to Y 1 , with X 0 given by Y 0 with the smoothing we have just constructed, and the subgroups Γ A0,ki = A i /A 0 determined as before, but by tori F m . (The proof of the lemma shows that we do not lose our lower bounds on minimal genus in Y 0 .) Repeating for each Y g , setting X 0 = Y g−1 , we obtain a smoothing of X having no diffeomorphism sending any [F m ] to a different [F n ]. (Note that any homeomorphism of X must preserve each subgroup H 2 (Y g ), since X is homotopy equivalent to a wedge of surfaces, and any map from a closed, orientable surface to one of larger genus must have degree 0.) Using the method of proof of Theorem 3.5, we obtain uncountably many smoothings, restricting uncountably to each Y g relative to each fixed smoothing on Y g−1 , no two of which are diffeomorphic. This method of distinguishing smooth structures works whenever the relevant infinite rank subgroups (H 2 (Y g ) in this case) are homeomorphism-invariant. d) We can also use Lemma 3.2 to study the genus function of open 4-manifolds that are not interiors of handlebodies with indices ≤ 2, for example, manifolds like M 3 × R that have nontrivial 3-homology. It suffices to be able to embed the manifold in such a 2-handlebody, nontrivially in 2-homology. We do this while achieving control of the genus function at infinity in Corollary 5.5 and Example 5.6(a). For a different approach, consider a connected sum X of n handlebody interiors with all indices ≤ 2, so b 3 (X) = n − 1. Then we can obtain the interior of the boundary sum of the corresponding handlebodies by removing a suitable properly embedded 1-complex L from X. We can assume the construction of the connected sum and L occurs smoothly and within the 0-handles, and then any smoothing of X − L by Lemma 3.2 extends over X. Since inclusion X − L ⊂ X induces an isomorphism on H 2 that preserves G (because surfaces generically avoid L), we thus control the genus function on X. We can extend this idea to distinguish smoothings on other 4-manifolds X when L ⊂ X is a properly, tamely embedded 1-complex invariant under homeomorphisms of X up to proper homotopy (hence ambient isotopy). There is then a well-defined map from diffeomorphism types of smoothings Σ on X to those on X −L, by first isotoping Σ so that L is smooth (by a theorem of Quinn, cf. proof of Lemma 4.6), then deleting L. Thus, smoothings on X are nondiffeomorphic whenever the corresponding smoothings on X − L are. Proof. The given X has the homotopy type of a wedge of surfaces ∨ m F m . Using Z 2 coefficients and compactly supported cohomology, define a symmetric pairing sending α,
, where the surfaces F mi are chosen so that their union carries α and β. This is nondegenerate on each orthogonal summand H 1 (F m ). Any self homotopy equivalence h of ∨ m F m sends each fundamental homology class [F n ] to some finite sum of classes [F ni 
, and the reverse argument shows that dim [F h(m) ] up to spherical classes. (The spherical terms can be varied by composing h with handle slides.) It follows that h * sends each H 1 (F h(m) ) isomorphically onto the single summand H 1 (F m ) (and hence similarly for its algebraic dual h * on H 1 ), for otherwise some α ∈ H 1 (F h(m) ) would have h * α with a nonzero component in some H 1 (F n ) with n = m. This would pair nontrivially with
We conclude that the pairing we defined on H 1 (∨ m F m ) is homotopy invariant (since there is no mixing between factors F m ). Squaring under this pairing induces a homotopy-invariant homomorphism π 1 (X) → Z 2 via Poincaré Duality on each F m , detecting orientation-reversing loops in F m . There is a second homomorphism of these groups whose kernel consists of all orientation-preserving loops in X, and together these give a homeomorphism-invariant map π 1 (X) → Z 2 ⊕ Z 2 . The induced covering space X of X with degree 1,2 or 4 has the required properties.
Theorem 3.8. Let X be the interior of a connected handlebody with all indices ≤ 2. Suppose that X is oriented and H 2 (X) is finitely generated. Then any filtration of H 2 (X) consisting of b 2 (X) + 1 distinct direct summands is realized as the genus filtration of some Stein-Casson smoothing on X, and the characteristic genera can be chosen to increase arbitrarily rapidly.
Proof. Let α 1 , . . . , α b2(X) be a basis for H 2 (X) such that the i th subgroup in the filtration is the span of α 1 , . . . , α i−1 . This basis is carried by some finite subhandlebody of X. Slide handles so that the first b 2 (X) 2-handles each represent the corresponding elements α i . Now apply Lemma 3.2 with π = id X .
As we saw in Theorem 3.5 and Example 3.6(c), Addendum 3.3 allows us to construct exotic smoothings extending a fixed smoothing on an open subset. Here is a more direct example: Theorem 3.9. Let X ⊂ X ′ be interiors of an oriented handlebody pair with all indices ≤ 2, and let Σ be a Stein-Casson smoothing of
is not surjective, then there are infinitely many Stein-Casson smoothings of X ′ extending Σ, up to diffeomorphisms preserving H 2 (X) setwise. If there is also an integer g for which H 2 (X) is spanned by Σ-smooth surfaces in X with genus ≤ g and self-intersection ≥ −g (as is always true if H 2 (X) is finitely generated), then there are infinitely many diffeomorphism types of such smoothings.
Proof. Apply Lemma 3.2 and its addendum, setting X 0 = X 1 = X with smoothing Σ, and X 2 = X ′ , choosing arbitrarily large values of k 1 . Then A 0 = A 1 = H 2 (X), and the relative genus function distinguishes infinitely many of these smoothings up to diffeomorphisms preserving this group. If there is a g as given, then by the adjunction inequality, 2g bounds the self-intersections above. For k 1 ≥ 2g, A 1 = Γ 2g is preserved by any diffeomorphism between these smoothings.
So far, we have seen many examples of smoothings with the genus function forced to be large in various ways, but not specified in detail. By looking more closely at the smoothings we construct, we can obtain much more detailed information, sometimes completely determining which values of G(α) are realizable by smoothings. We can sometimes also obtain information about genera of nonorientable smoothly embedded surfaces. For an example, let X be an oriented manifold that is an R 2 -bundle over a closed, connected surface F of genus g, hence Euler characteristic χ(F ) = 2 − 2g, or 2 − g in the nonorientable case. Let α be a generator of H 2 (X), where we use Z 2 coefficients if F is nonorientable. In the latter case, let α ∈ H 2 ( X; Z) generate in the double cover to which F lifts orientably. We show how to realize all possible values of
In the nonorientable case, we obtain a related result for α, and also for representing α by embedded nonorientable surfaces F ′ for which the composite map F ′ → X → F preserves the first Stiefel-Whitney class w 1 . Let e(X) denote the Euler number of the bundle. (Note that this makes sense even when F is nonorientable, as long as X is oriented, since the signs of intersection determining F · F are independent of the local choice of orientation of F . Furthermore, |e(X)| is independent of the orientation of X.) Theorem 3.10. Let X be an orientable total space of an R 2 -bundle over a surface, in the above notation.
a) If the base F is orientable, then X admits a smooth structure for which the generator α of H 2 (X) has minimal genus g ′ , if and only if g ′ ≥ g. b) Suppose F is nonorientable. If g ′ ≥ g and g ′ ≡ g mod 2, then X admits a smooth structure for which α has minimal genus g ′ − 1. If also |e(X)| ≤ g − 1, then for the same smoothing, g ′ is the minimal genus of all representatives of α ∈ H 2 (X; Z 2 ) preserving w 1 as above. If g ′ < g, then for any smoothing of X, neither α nor α satisfy these properties. c) The smoothings constructed above have Stein-Casson type for some orientation on X, unless g ′ = g and X is a bundle over F = RP 2 with e(X) = 0 or over S 2 with |e(X)| ≤ 1. Excluding the discussion of H 2 (X; Z 2 ), there are such Stein-Casson smoothings for each orientation of X whenever |e(X)| ≤ −χ(F ).
The case of orientable F is treated from a somewhat different viewpoint in [G5] Example 6.1(b).
Proof. It suffices to realize the required smoothings, since the negative results follow from nonexistence of a map F ′ → F with nonzero degree when g ′ < g and F, F ′ are both orientable or both nonorientable. (Note that in the nonorientable case, X is a bundle over a surface of genus g − 1). We start by building a model family of Stein surfaces homeomorphic to R 2 -bundles. The cotangent bundle T * F of F is oriented and has Euler number e(T * F ) = −χ(F ). We can construct T * F as a Stein surface by complexifying the real-analytic manifold F , or by explicitly drawing a link diagram as in [G4] . Let V k be the Stein surface obtained by performing k positive self-plumbings in the 2-handle of T * F . The generator of H 2 (V k ) (with Z 2 coefficients if F is nonorientable) is represented by a smoothly embedded surface F k diffeomorphic to F #kT 2 , obtained by smoothing the double points of the immersed copy of F . Then F k ·F k = e(T * F )+2k, since a local model of each double point exhibits two intersections between a pair of copies of F k . (This is basically the framing correction for the newly created kinky handle.) Let U ± g,n,k (where n = e(T * F ) + 2k and + denotes the case of orientable F ) be the Stein surface obtained from V k by adding k Casson handles, with a single double point (positive) at each stage, to convert the kinky handle of V k into a Casson handle. This is homeomorphic to the R 2 -bundle over F with Euler number n, and is defined for all g, k ≥ 0 (except g = 0 for −) and n − 2k = e(T * F ) = 2g − 2 (for +) or g − 2 (for −). We can then extend the notation to include Stein surfaces with all smaller values of the Euler number n by removing the Casson handle and reattaching it with left twists added to the framing. When F is orientable and n is maximal, the adjunction inequality shows that F k ⊂ U + g,n,k has minimal genus in its homology class, and c 1 = 0. For smaller n, we control the signs of the rotation number corrections so that
is independent of n, and F k ⊂ U + g,n,k still has minimal genus. In the nonorientable case, the orientable double covering of F determines a double covering of U − g,n,k by U + g−1,2n,2k , since the two lifts of the Casson handle can be combined into a single Casson handle with 2k positive double points at the first stage. The smooth surface F k in U − g,n,k lifts to the corresponding orientable surface with minimal genus. Now given X as in the theorem, orient it to fix the sign of e(X). Then X is orientation-preserving homeomorphic to each U ± g,n,k for the given sign, with g the genus of F and n = e(X). These are defined for all k ≥ 0, provided that e(X) ≤ 2g − 2 (resp. g − 2). Furthermore, if X is oriented so that e(X) ≤ 0, these are defined except when k = 0 and X is one of the exceptions specified in (c). In the orientable case, U + g,n,k pulls back to a Stein-Casson smoothing on X with G(α) = g + k, for each k ≥ 0 except for the exceptional cases where k = g = 0, realized by the standard smoothing. The theorem follows immediately for orientable F . When F is nonorientable, U − g,n,k similarly induces a smoothing, double covered by U + g−1,2n,2k , proving the rest of the theorem except for the discussion of α ∈ H 2 (X; Z 2 ) in (b). To complete the proof, first recall that by construction, there is a smooth (nonorientable) surface in U − g,n,k with genus g ′ = g + 2k, whose projection to F preserves w 1 as required. If g ′′ is the genus of another such surface F ′′ , then F ′′ is nonorientable but lifts to an orientable surface
, then with twisted Z coefficients it represents an odd class, so F ′′ represents an odd class in H 2 ( X). If X is oriented so that e(X) ≥ 0, then the intersection pairing on X is positive semidefinite, so the adjunction inequality becomes more restrictive as the divisibility of the homology class increases. Thus,
This completes the proof except in the case e(X) = g − 1 and k = 0, which is solved by the standard smoothing.
This method can be generalized to other manifolds using Legendrian Kirby diagrams.
Minimal genus at infinity
Before defining the genus function at infinity, we briefly review the theory of ends of manifolds with boundary (which actually applies in greater generality, e.g. [HR] ). Informally, we explore the behavior of a topological manifold X at infinity by considering the complements of successively larger compact subsets. More precisely, let {K i |i ∈ Z + } be an exhaustion of X by compact subsets, meaning that
That is, an end ǫ ∈ E(X) is given by a sequence
If we use a different exhaustion of X, the resulting space E(X) will be canonically equivalent to the original: The set is preserved when we pass to a subsequence, but any two exhaustions have interleaved subsequences. (Alternatively, consider the directed set of all complements of compact sets.) An equivalent definition of E(X) is as the set of equivalence classes of rays, proper maps [0, ∞) → X, where we call two rays equivalent if their restrictions to Z + are properly homotopic. A neighborhood of the end ǫ is an open subset of X containing one of the subsets U i (or containing every corresponding ray for sufficiently large values of its parameter). This notion allows us to topologize the set X ∪ E(X) so that X is homeomorphically embedded as a dense open subset and E(X) is totally disconnected [Fr] . (The new basis elements are the components of each X − K i , augmented by the ends of which they are neighborhoods.) The resulting space is Hausdorff with a countable basis. When X has only finitely many components, this space is compact, and called the Freudenthal or end compactification of X. In this case, E(X) is homeomorphic to a closed subset of a Cantor set. As a simple example, one can realize many homeomorphism types of end-spaces, from a single point to a Cantor set, starting with a fixed countable collection of closed manifolds (even just 2-spheres) and connected-summing them via various trees. One can do algebraic topology at infinity using a neighborhood system of infinity (e.g. [HR] , [L] ). When an end has a neighborhood homeomorphic to M × R for some closed manifold M , the corresponding homology and cohomology of that end reduce to those of M .
The genus function at infinity has domain given by a naive attempt at end-homology. Given a manifold X with an exhaustion {K i } by compact subsets, fix k ∈ Z ≥0 and consider the inverse limit H . If an end of X has a neighborhood homeomorphic to M × R for some closed manifold M , then it determines a direct summand of H ← k (X) canonically isomorphic to H k (M ), and for different such ends (possibly infinitely many), these summands are independent. When X is a 4-manifold and k = 2, the elements α i representing a given α ∈ H ← 2 (X) always have α i · α i = 0. This is because
is represented by a surface contained in some K j , but equals the image of α j ∈ H 2 (X − K j ). We obtain more useful information from the genus function:
Definition 4.2. The genus function at infinity for a smooth 4-manifold X is the function
That is, each α ∈ H ← 2 (X) is represented by a sequence of homologous oriented surfaces avoiding successively larger compact subsets of X, and G ∞ (α) is the minimal possible limit of genera of such a sequence. This is clearly independent of the choice of exhaustion. We can now talk about the genus-rank function at infinity and genus filtration at infinity by analogy with Definition 1.8, or discuss these for a single end.
Remarks 4.3. (a) Our naive end-homology H ← k (X) is a quotient of the usual end-homology H e k (X), with kernel given by the derived limit lim [L] ; see that reference or [HR] for further details.) This kernel may be nontrivial. For example, suppose X is any infinite connected sum of copies of
There is an open manifold analog of the long exact homology sequence of a compact pair (Y, ∂Y ) , that in this case implies H e 2 (X) is given by the 3-homology on (possibly infinite) locally finite chains, modulo H 3 (X). This is an uncountable group (the quotient of an uncountable group by a countable one). Embedded surfaces seem to have no relevance to this example. (b) One can define an analog of G ∞ using H ← 3 in place of H ← 2 and minimizing the first Betti numbers of the resulting sequences of 3-manifolds. This was discussed in [BG] in the case where X = R is an exotic R 4 , using the generator of H ← 3 (R) ∼ = Z. This engulfing index, denoted e(R), is bounded below by Taylor's invariant from [Ta] . (For a simpler definition of the Taylor invariant on exotic R 4 's, see Definition 9.4.19 of [GS] . This inequality follows by considering the double of the compact 4-manifold enclosed by a given 3-manifold, and generalizes to all open spin 4-manifolds R with b 2 = 0.) For large exotic R 4 's (those with a compact subset K not smoothly embedding in S 4 ) Taylor's invariant is frequently nontrivial, but it seems a good conjecture that e(R) is always infinite in this case. (A safer conjecture bypassing the 4-dimensional smooth Poincaré Conjecture is obtained by also requiring K not to embed in any exotic S 4 .) For small exotic R 4 's (those that are not large), there are examples with e(R) ≤ 1 [BG] , but Taylor's invariant always vanishes and there are no known lower bounds on e(R).
Ends of manifolds can be quite complicated, so to make progress analyzing G ∞ we must impose a hypothesis. Our simple prototype for reasonable behavior at infinity is an end topologically collared by M × R for some closed, connected 3-manifold M . More precisely, this is given by a proper, topological embedding e : M ×[0, ∞) → X. Every closed 3-manifold M is the boundary of some compact handlebody H 0 with all indices ≤ 2 (and no 1-handles, if desired, when M is orientable). If C ⊂ H 0 is the core 2-complex of H 0 , then there is a standard inductive procedure for exhibiting H 0 as the mapping cylinder of a map ∂H 0 → C. In particular, H 0 − C is identified with M × [0, ∞), the domain of e, allowing us to partially compactify X as a topological manifold by adding C at infinity. Inside H 0 , there is a canonically embedded infinite sequence H 0 ⊃ H 1 ⊃ H 2 ⊃ · · · of handlebodies whose common intersection is C. By this we mean that there are homeomorphisms ϕ i : [0, ∞) → [c i , ∞) so that in the standard product structure, each id M ×ϕ i extends to a homeomorphism (H 0 , C) → (H i , C) sending each subhandlebody into itself. The open sets int H i − C then comprise the obvious neighborhood system of the given end of
While many open 4-manifolds have such collared ends, other basic examples, such as interiors of infinite 1-handlebodies, do not. For this latter level of generality, we allow handlebodies in the above setup that are not canonically embedded. Let H denote an infinite nest H 0 ⊃ H 1 ⊃ H 2 ⊃ · · · of topologically embedded, nonempty, compact (but not necessarily connected) 4-dimensional handlebodies with all indices ≤ 2, such that H i+1 has tame (i.e. bicollared) boundary in H i for each i ≥ 0. Let C be the compact subset ∞ i=0 H i . Then H 0 −C has a neighborhood system of infinity given by {int H i −C | i ∈ Z + }, so every α ∈ H ← 2 (H 0 − C) is realized as a sequence of elements α i ∈ H 2 (H i − C) that are mapped to each other by the inclusion maps. We will study 4-manifolds with proper embeddings of such manifolds 
It is also useful to pass to a covering π : H 0 → H 0 , which we frequently take to be the oriented double covering (or the identity if H 0 is orientable). For simplicity, we assume π is a finite covering, although the infinite case works similarly if certain homology quotients are finitely generated. We obtain a nested 2-system H of preimage handlebodies H i with intersection C. (For an infinite cover, H i and C would be noncompact, so the subsets int H i − C would no longer form a neighborhood system of infinity, but the discussion of nested 2-systems could be generalized to this case. We would need to modify
Most of our concrete applications involve collared ends, but the main theorems apply in much more generality. For any nested 2-system, no matter how wild its intersection, H 0 − C has the same end structure as some open manifold X, and any covering π is the restriction of a covering of such an X. (For example, double H 0 and remove C from one half.) Thus, any H and π are useful for studying some 4-manifold. (Furthermore, π need not extend over X to provide useful information, e.g. Example 5.6(c).) Our main example of an uncollarable 4-manifold is the interior of a handlebody with infinitely many 1-handles (Theorem 5.7(b)), but the reader can easily construct many others with uncountably many diffeomorphism types of smoothings, distinguished by Corollary 5.2 below.
To analyze G ∞ on H 0 − C, note that inclusion induces maps ι i : H 2 ( H i − C) → H 2 ( H i ), and hence
To control minimal genera, we will fix a stable subsystem {H 
. We then have inclusions B j ⊂ B j+1 ⊂ B i , with the latter lying in A i (so it is free abelian) and in Im ι ∞ ⊂ lim ← H 2 ( H i ). We will control G ∞ on the subgroups ι −1
This kernel vanishes in most of our applications, but the general case will be useful in Theorem 6.1.
Our main lemma for controlling the genus function at infinity requires one more technical condition.
Definition 4.5. A nested 2-system H, together with a stable subsystem {H s i } and a covering map π, has controlled instability if for each i > 0 there are arbitrarily large values of j ≥ i for which inclusion induces an injection from H 2 ( H
For example, this condition is satisfied whenever H s 1 contains all 0-and 1-handles of the subsequent handlebodies H j . This is because the domain of the above inclusion will then be obtained from H i by only removing the interiors of disjoint balls, namely the 2-handles added to H s i to make H j . In fact, it suffices for H s 1 to contain all 1-handles of subsequent H j , since any removed 2-complex without 1-cells can be restored by adding just 2-and 4-handles, which cannot kill 2-homology.
Lemma 4.6. Suppose H, {H s i } and π have controlled instability, with π a finite covering whose domain H 0 is oriented. Then for any smooth structure Σ on int H 0 , there is an (arbitrarily rapidly) increasing sequence {k i | i > 0} of integers and a topological isotopy ϕ t of the inclusion map ϕ 0 : H 0 − C → H 0 , rel a neighborhood of ∂H 0 , so that in the pulled back smooth structure ϕ * 1 Σ, each B i with i > 0 is the span in Im ι ∞ of all classes in H ← 2 ( H 0 − C) with minimal genus at infinity ≤ k i .
It follows that B i is the span in Im ι ∞ of all classes in H ← 2 ( H 0 − C) with finite minimal genus at infinity. In most of our applications, there will be a finite n for which all subsequent subhandlebodies H s i are canonically embedded in H s n , so B i = B n , and the numbers k i with i > n will carry no information beyond the previous sentence. The lemma also holds for infinite covers, provided that each A i /A 0 and B i /B 0 are finitely generated, and that we work mod B 0 if the latter is not finitely generated. Note that we can rearrange the sequence of stable subhandlebodies H s i comprising a given stable subsystem, by deleting handles at early stages so that they emerge in a different order as i increases, then throwing away the first few terms of H if desired. Postponing 1-handles may interfere with controlled instability, but collections of 0-and 2-handles will not. Addendum 4.7 will sharpen the conclusion of the lemma, and highlight that it is nonvacuous even when H has no nontrivial stable subhandlebodies.
While the lemma typically gives many diffeomorphism types of smoothings on int H 0 − C, these will all be stably isotopic. In general, a topological isotopy from an open n-manifold Y to a smooth n-manifold Z induces a topological embedding Y × I → Z × I (preserving boundary), and hence, a smoothing of Y × I. (Note that we have not required the isotopy to be ambient, so it is a homotopy through embeddings, rather than through homeomorphisms of the ambient space Z.) For n > 4, every smoothing of Y × I induces isotopic smoothings of its two boundary components. (Concordance implies isotopy [KS] .) When n = 4 this fails, but the two components still inherit stably isotopic smoothings, as seen by taking the product with R so that high-dimensional theory applies. Thus, smoothings pulled back by topologically isotopic embeddings are stably isotopic (but need not be isotopic or even diffeomorphic in dimension 4, cf. Section 6 and Corollary 7.6). Now note that H 3 (int H 0 ; Z 2 ) = 0, so int H 0 has a unique stable isotopy class of smoothings. Its restriction to int H 0 − C contains any smoothing ϕ * 1 Σ produced by the lemma.
Proof of Lemma 4.6. To construct our isotopy, we will need Quinn's Handle Straightening Theorem (2.2.2 of [Q] , see Section 5 of [G5] for an exposition). Suppose f :
homeomorphism from an open k-handle to a smooth manifold, restricting to a diffeomorphism of the boundaries. If k = 0, 1, Quinn's theorem states that f is topologically isotopic, rel boundary and a neighborhood of the end, to a homeomorphism that is a local diffeomorphism in a neighborhood of the core D k × {0}. If k = 2 this fails, but after such an isotopy we can assume ( [Q] with its Casson-type smoothing by adding the higher-stage Casson handles onto T i along a tubular neighborhood N of their attaching link in ∂T i , and then removing the remaining boundary. The same holds for the lifts T i and N to H s i . Since C and ∂ H i are disjoint, C ∩ ∂ T i intersects the first-stage towers only inside N . We show that every class α as above is carried by ∂ T i − C − N . This can be seen by Kirby calculus (e.g. [GS] ): The class α is represented by some closed, embedded surface F in ∂ H s i that is disjoint from C. In the diagram of H s i , this appears as a surface bounded by parallel copies of the attaching circles of the 2-handles (and dotted circles). We modify the diagram to obtain T i by adding dotted circles that are Whitehead doubles of meridians of attaching circles. These puncture F , but only in algebraically canceling pairs, so the punctures can be repaired using tubes running along the dotted circles. The resulting surface
The attaching region N of the higher-stage Casson handles is a tubular neighborhood of the meridians of the new dotted circles, and can be assumed to be disjoint from
′ from F by replacing each core disk comprising an intersection of F with a 2-handle by an immersed core of the corresponding first-stage tower, with its double points smoothed. This can be assumed to lie in the boundary as required, provided we used the correct framing convention for the attaching circle.)
We construct the required isotopy ϕ t by induction on the handlebodies H i . Without loss of generality we assume that H s 0 = ∅ (although one can easily extend to the general case in order to deal with infinite covers with A 0 not finitely generated). For each i > 0, we wish to ambiently isotope H i inside H i−1 (or more precisely, inside the image of H i−1 under the previous isotopy) so that H i becomes canonically embedded in a larger copy U i of int H i whose smooth structure inherited from Σ as an open subset of H 0 arises from Lemma 3.2 for the subhandlebodies H 
We have now obtained the required increasing sequence {k i }, and a sequence of topological ambient isotopies that together comprise a family of homeomorphisms of H 0 rel a neighborhood of ∂H 0 , parametrized by [0, 1) and beginning with id H0 . Every point in H 0 − C lies outside some H i , so has a neighborhood on which the family is independent of t sufficiently close to 1. Thus, there is an induced continuous family ϕ t : H 0 − C → H 0 , for 0 ≤ t ≤ 1, that is easily seen to be a topological isotopy (not ambient) of the inclusion map, fixing a neighborhood of ∂H 0 . For each i > 0, we exhibited ϕ * 1 Σ-smooth surfaces of genus ≤ k i in ∂ T i − C generating B i . Since the induction smoothly squeezes T i into each subsequent stage, these surfaces have smoothly isotopic copies in each subspace
To complete the proof, we show that every class in H Proof. The hypothesis in (c) guarantees that β = 0 in the last paragraph of the previous proof, so we are finished before controlled instability is invoked. To show that a surface F as in (a) represents a class in B i ⊂ H 2 ( H m ), apply Mayer-Vietoris to α m = [F ] as in that same paragraph. The rest is clear.
Applications of minimal genera at infinity
We now apply Lemma 4.6 to control the genus function G ∞ on 4-manifolds, and through it, smoothings up to diffeomorphism. We begin with some general results of this sort. Then we specialize to the prototype case of manifolds with topologically collared ends. Finally, we give examples of uncollarable manifolds (infinite 1-handlebody interiors) for which uncountably many diffeomorphism types can be distinguished by G ∞ , even though there is no 2-homology.
For general results on 4-manifolds, first consider a finite covering π : X → X of topological 4-manifolds (possibly with boundary). Given a nested 2-system H and a proper embedding H 0 − C → X such that π extends over H 0 , we can identify H ← 2 ( H 0 − C) with a direct summand of H ← 2 ( X). On such a summand, the map ι ∞ : H
is defined, and we control minimal genera on the summand by choosing a stable subsystem {H s i } and using the subgroups
The same formalism can be useful when π does not extend over X, although the latter group is then undefined (Example 5.6(c)). We can now state a general theorem controlling G ∞ , with a corollary yielding exotic smooth structures.
Theorem 5.1. Let X be a connected topological 4-manifold (possibly with boundary). Suppose there is a proper embedding of H 0 − C into X, for some nested 2-system H with a stable subsystem {H s i } and finite covering π of H 0 with controlled instability and H 0 orientable. If X − int H 0 is compact, assume its Kirby-Siebenmann invariant vanishes. Then there is a smooth structure on X and an (arbitrarily rapidly) increasing sequence {k i } such that each B i with i > 0 is the span in Im ι ∞ of all classes in H ← 2 ( H 0 − C) with minimal genus at infinity ≤ k i . There is a finite spanning set for B i represented by smooth, proper embeddings F × [0, ∞) → H s i − C, where F is a connected surface with g(F ) ≤ k i . The smoothing of X can be chosen from any stable isotopy class agreeing with the unique one on int H 0 .
Proof. We can assume ∂H 0 is tame, after isotoping H 0 into its interior if necessary. Then the construction is easy if X − int H 0 is smoothable: Apply Lemma 4.6 to the standard smoothing of H 0 , then fit the two pieces together by uniqueness (up to isotopy) of smoothings of 3-manifolds. The required embeddings of F × [0, ∞) are given by Addendum 4.7(b). Since noncompact, connected 4-manifolds are always smoothable within any stable isotopy class [Q] (see also [FQ] ), it now suffices to assume X − int H 0 (which must be connected) is compact. Then by hypothesis, its Kirby-Siebenmann invariant vanishes, so for some m we can smooth the connected sum (X − int H 0 )#mS 2 × S 2 , realizing a preassigned stable isotopy class of X − int H 0 [FQ] . The compact manifold Y = (X ∪ H 0 )#mS 2 × S 2 then inherits a smooth structure that is standard on H 0 . Each S 2 × S 2 summand determines a topologically embedded handlebody h r (r = 1, . . . , m) in Y with boundary S 3 , consisting of a 0-handle and two 2-handles (attached along a 0-framed Hopf link). 
There is a homeomorphism from X ′ to X sending each
, but Im ι ∞ and each B i are unchanged, and controlled instability is preserved. Apply Lemma 4.6 to H ′ , with smoothing Σ inherited from Y (nonstandard on each int h r ), and transplant the resulting smoothing from X ′ to X by the homeomorphism. We recover the original stable isotopy class of smoothings on X, since the modification avoided a subset carrying H 3 (X; Z 2 ).
Corollary 5.2. Let X be a connected topological 4-manifold (possibly with boundary). Let π : X → X be the identity on X if the latter is orientable, and its orientable double covering otherwise. Suppose there is a proper topological embedding of H 0 − C into X for some nested 2-system H with π extending over H 0 so that ι ∞ is injective, and with controlled instability relative to a stable subsystem for which some B i = 0. If X has just one end, assume X − int H 0 has vanishing Kirby-Siebenmann invariant. Then G ∞ on X distinguishes infinitely many diffeomorphism types of smooth structures on X, and uncountably many (with the cardinality of the continuum) if lim i→∞ Rank B i is infinite. The same holds for nonorientable X with π = id X , provided that H 0 is orientable.
To prove the corollary in this much generality, we must examine the space of ends E(X) more closely. A proper embedding H 0 − C → X identifies E(H 0 − C) with a subspace of E(X) that is both open and closed. For a fixed finite covering π of X, let E π ⊂ E(X) be the union of these subspaces over all choices of H and embedding such that π extends over H 0 with ι ∞ injective. Define E 0 π ⊂ E π similarly, also requiring each H 0 to be orientable. These subspaces are invariant under homeomorphisms of X lifting by π.
Proposition 5.3. There is a countable family of nested 2-systems and a proper embedding of the disjoint union of their spaces H 0 − C into X, so that π extends over each H 0 , each resulting ι ∞ is injective, and E π is the union of their end spaces E(H 0 − C). A similar statement holds for E 0 π .
Proof. Given two nested 2-systems H and H
′ properly embedded in X, we can modify H ′ to be disjoint from H, without changing the end structure of the union. (Throw away the first few terms of H ′ so that its new first term is disjoint from the compact set ∂H 0 of H, then throw away all components of each H ′ i lying in H 0 .) Since E(X) has a countable basis, so do the subspaces E π and E 0 π . Thus, the open covers defining these subspaces have countable subcovers. We can now inductively obtain disjointness, while avoiding successively larger compact sets in an exhaustion of X.
Proof of Corollary 5.2. If X has only one end, Theorem 5.1 yields the proof: Redefine H s 1 to eliminate its 2-handles while preserving controlled instability, and use arbitrarily large values of k 1 to obtain smoothings for which the minimum of G ∞ on H ← 2 ( X) − {0} is arbitrarily large but finite. When lim i→∞ Rank B i is infinite, the method of Theorem 3.5 realizes the cardinality of the continuum. (Reindexing by n(r, i) in that proof is just a bookkeeping device for building smoothings at different rates, so we can use our original stable subsystem in the proof of Lemma 4.6, focusing on those i for which Rank B i jumps.) For multiple ends, cover E π (or E 0 π for the last sentence of the corollary) by neighborhoods in E determined by disjoint nested 2-systems H m embedded as in Proposition 5.3, with H 0 = H. Let Z be the closed complement of all these in X. Smooth each (H 0 − C) m for m = 0 to have G ∞ = ∞ on all nontrivial classes. (We can do this by Addendum 4.7(c) with each H s i empty, since each H m has injective ι ∞ .) If Z is noncompact or has vanishing Kirby-Siebenmann invariant, extend the smoothing over the rest of X by applying Theorem 5.1 as before to H in Z ∪ (H 0 − C). Each B i is then spanned by smooth, proper embeddings F × [0, ∞) → H 0 − C with F connected, and each of these determines an end of H 0 − C whose lift carries a nontrivial class with finite G ∞ . Any diffeomorphism between two of our smoothings of X must send each such end to another in E π (or E 0 π ) carrying such a class, i.e., an end in H 0 − C, so we can distinguish our smoothings as before. In the remaining case, with ks(Z) = 0, X has more than one end, so we can assume there is some end ǫ away from H 0 (after throwing away terms of H if necessary and reindexing). Extend the smoothing as before over X − {z} for a fixed z ∈ int Z, obtaining an infinite family of smoothings on X − {z} distinguished by G ∞ . Connect z to ǫ by a ray γ in X, and homeomorphically identify X − γ with X. For the resulting family of smoothings on X, the invariant G ∞ on the cover agrees with that of the corresponding smoothings of X − {z} everywhere but ǫ. Thus, the only complication with our previous argument is that some diffeomorphism between smoothings could send an end as above to ǫ. In this case, a neighborhood U of ǫ has cover carrying a class α with finite G ∞ (α), and by construction we can assume the smooth structure on U is the same for all smoothings in the family. Taking k 1 > G ∞ (α), we obtain an infinite subfamily of the smoothings between which no diffeomorphism can send any end of H 0 − C onto ǫ. These can then be distinguished as before.
We can arrange the smoothings from Corollary 5.2 to realize any given stable isotopy class agreeing with the standard one on each H m , except in the case with a nontrivial Kirby-Siebenmann invariant, where we can realize them by any class differing from the standard one by the Poincaré dual of γ ∩ int(
, where H m carries the end ǫ. If there are more than two ends, we can realize other classes this way by changing ǫ in that case of the proof, or in general, by summming with a suitable exotic S 3 × R along a proper line disjoint from H 0 . The above proof still works, as long as we only do finitely many such sums. Now we specialize to ends collared by M 3 × R. Then H 2 (M ) is a direct summand of H ← 2 (X). For M orientable, we show that any filtration of H 2 (M ) by direct summands lies in the genus filtration of that end for some smoothing of X. A similar statement holds for nonorientable M .
Corollary 5.4. Let X be a connected topological 4-manifold (possibly with boundary) with an end collared by M × R for some closed, connected 3-manifold M . If X − M × (0, ∞) is compact, assume its KirbySiebenmann invariant vanishes. Let M denote M (if orientable) or its orientable double cover, and let C 1 ⊂ C 2 ⊂ · · · ⊂ C n ⊂ H 2 ( M ) be a filtration by direct summands. If M is nonorientable, assume this filtration is Z 2 -invariant. Then there is a smoothing of X and an arbitrarily rapidly increasing sequence
of all classes with finite minimal genus at infinity (if i = n) or minimal genus at infinity ≤ k i (if i < n). If H 2 ( M ) = 0, then X has infinitely many diffeomorphism types of smoothings distinguished by G ∞ (in the orientable double cover of X if M is nonorientable).
Note that the hypotheses allow C n to be 0 (so all nontrivial classes in H ← 2 ( M × [0, ∞)) have infinite minimal genus at infinity) or all of H 2 ( M ) (so all such classes have finite minimal genus at infinity). As before, the smoothings can be chosen to be in any stable isotopy class extending the standard one on M × R, except that for distinguishing diffeomorphism types, if there are infinitely many other ends collared by the given M × R, then all but finitely many should realize the standard stable isotopy class.
Proof. We first prove the orientable case. To cap off the given end by a handlebody, first choose a basis {α r } for H 2 (M ) for which each C i is the span of some subcollection. For the corresponding dual basis in H 1 (M ) mod torsion, represent each element by an embedded circle. Add a 2-handle to M × I along each of these circles to obtain a cobordism V from M to a new orientable 3-manifold M ′ . By a standard argument, M ′ bounds a compact 4-manifold W consisting of a 0-handle and 2-handles. The handlebody H 0 = W ∪ V bounded by M also consists of a 0-handle and 2-handles. Let H be the nested 2-system consisting of handlebodies H i canonically embedded in H 0 , so
is induced by inclusion and injective (since H 0 has no 1-handles, and so is built from its boundary M by adding handles of index = 3). Thus, our original basis {α r } can be interpreted as a basis of Im ι ∞ ∼ = H 2 (M ). For 1 ≤ i ≤ n, let H The nonorientable case follows the same procedure: Choose a basis {α r } for H 2 ( M ) as before, and push the corresponding dual circles injectively down to an embedded collection in M that has trivial normal bundles since M is orientable. We again obtain a cobordism V from M to some (nonorientable) M ′ . Since the 3-dimensional unoriented cobordism group vanishes, we can again find a handlebody W bounded by M ′ , which we can arrange to have no handles of index > 2 and a unique 1-handle: We can eliminate 3-and 4-handles by the standard argument, as long as we are careful to connect the boundary points of each 3-handle cocore to each other by an arc in M ′ such that the resulting loop preserves orientation and we can surger it out. After sliding 1-handles, we can assume that at most one 1-handle disrupts orientability, and surger out all others. Since we cannot eliminate the last 1-handle, we may need an extra trick to obtain injectivity of ι ∞ : The 0-and 1-handle together comprise a twisted D 3 -bundle over S 1 that lifts to S 1 × D 3 in the orientable double cover W of W . If we think of W as a handlebody built on M ′ × I, we can lift off the 3-and 4-handle to expose a boundary S 2 -bundle over S 1 . Choose a circle in this boundary that wraps twice around S 1 (so has trivial normal bundle), intersecting one fiber S 2 transversely in two points. If we add a 2-handle to this circle and to its 0-framed meridian, then the boundary 3-manifold is unchanged, so we can reattach the 3-and 4-handle to obtain a new handlebody W ′ . Its orientable double cover W ′ is obtained from W by removing S 1 × D 3 and reattaching it after adding four 2-handles. The handlebodies W and W ′ (built up from their boundaries) each have only two 3-handles, whose cores are given by copies of D 3 in S 1 × D 3 , so the only relation introduced by them is that {p} × S 2 is killed in homology. In W , we have no control over this relation. However, in W ′ , the relation kills the sum of the classes of the two new 2-handles attached to 0-framed meridians. Thus, when we form H 0 = W ′ ∪ V and H as before, ι ∞ is injective as required. Define the subhandlebodies H s i ⊂ H i as before, using the pushed down duals for each C i . The orientable double cover of V is made from M × I by attaching 2-handles along circles dual to the classes α r , and along the images of these circles under the covering involution. By Z 2 -invariance of the filtration, the subset of {α r } carried by H s i − C is still our basis for C i , so injectivity of ι ∞ again implies B i = C i , completing the proof as before.
We can also combine constraints on G ∞ with those of the ordinary genus function G:
Corollary 5.5. Let M be a closed, connected 3-manifold, and let M denote M (if orientable) or its orientable double cover. Let {C i } and {D j } be filtrations of H 2 ( M ) by direct summands, where the largest C i is allowed to be a proper summand, and both filtrations are required to be Z 2 -invariant in the nonorientable case. Then there is a smoothing of M × R for which each D j is in the genus filtration of M × R, and {C i } is contained in the genus filtration of one end as in Corollary 5.4. The corresponding sequences of integers can be chosen to increase arbitrarily rapidly, with those for {D j } chosen first.
Of course, the genus-rank function of M × R is a diffeomorphism invariant of the smooth structure on M × R, and the corresponding genus-rank function of one end is invariant under end-preserving diffeomorphisms. For example, we recover the result of Bižaca and Etnyre [BE] that every M × R has infinitely many diffeomorphism types of smoothings, under the additional hypothesis that b 2 ( M ) = 0 (which could be relaxed by considering other covers, cf. Example 5.6(c)). The smoothings constructed here are quite different from those of [BE] , which are obtained by end-summing with an exotic R 4 , so contain a smoothly embedded copy of M and have G and G ∞ bounded above by those of the standard smoothing (cf. Theorem 7.1). Many 3-manifolds have the property that every self-homotopy equivalence is homotopic to the identity. For such M , the entire genus function of M ×R is a diffeomorphism invariant of the smooth structure on M × R, and the corresponding genus function at infinity is invariant under end-preserving diffeomorphisms.
Proof. Construct a handlebody H bounded by M as in the previous proof, using the filtration {D j } (so B j = D j ). By Addendum 4.7(a,b), there is a smooth structure on int H (pulled back from the region enclosed by ϕ 1 (∂H m ), where m is the maximal index j) and an arbitrarily rapidly increasing sequence
is the span of all smooth surfaces in int H with genus ≤ k j and representing classes in H 2 ( M ), and a finite spanning set of such surfaces can be found in the complement of the core C. Choose such a a set for each D j , and let H ′ ⊂ H be a canonically embedded handlebody disjoint from all of their images (i.e. in a sufficiently small neighborhood of C) on which we will adjust the end of H − C. After sliding 2-handles of H ′ , we can assume it was constructed as in the previous proof, but using the filtration {C i }. (Changing filtrations changes basis for H 2 ( M ) and hence for H 1 ( M ) mod torsion. We can realize the latter basis change by elementary operations that correspond to handle slides down in the cobordism V built on M , and these still appear as handle slides when we view V as built on its other boundary component.) Construct H and {H s i } for H ′ as in the previous proof. Then apply Lemma 4.6 to these, constructing an isotopy ϕ t : H − C → H that is the identity outside H ′ , such that {C i } behaves as required in the smooth structure pulled back by ϕ 1 . Since the smooth structure has not been changed outside H ′ , each D j is still spanned by the previous surfaces of genus ≤ k j in int H − C = M × R. But in this new smoothing, every surface with genus ≤ k j still pulls back from int H, representing a class in H 2 ( M ), so this class lies in D j (by our initial choice of smoothing). Thus, D j is the span of all smooth surfaces with genus ≤ k j in M × R with its new smoothing, as required. Then we can cap off each collared end as above to embed X in a handlebody with all indices ≤ 2, namely the boundary sum of the handlebodies coming from the individual pieces. We can apply Lemma 3.2 to control the genus function of X, and separately control the genus functions of the collared ends as above. b) As another variation, we can specify the genus filtration of each end of M × R separately, while leaving a smooth copy of M × {0} intact. More generally, for any collection of collared ends of a 4-manifold X, we can separately specify the genus filtration of each component, provided that the manifold Z obtained from X by cutting M × (0, ∞) off of each such collar is not a compact manifold (with boundary) with nontrivial Kirby-Siebenmann invariant. If Z comes with a smooth structure, we can assume the new smoothing of X is an extension of it. This last sentence follows by capping off each end separately and applying Lemma 4.6 to each cap; for the general case of the remark, apply Corollary 5.4 to the union of Z with just one collar to reduce to the previous case. For more examples of 4-manifolds X to which this applies, consider connected sums of manifolds of the form M × R, or manifolds with the interior of a properly embedded collection of compact 4-manifolds removed. c) It can be useful to consider other covers, even those that are not defined on all of the 4-manifold. For example, let H 0 be orientable and made from a single handle of each index 0, 1 and 2, with π 1 (H 0 ) ∼ = Z n for n > 1. Let H 0 be its universal cover, which is homotopy equivalent to a wedge of n − 1 spheres. Then ∂H 0 is a rational homology 3-sphere, but ∂ H 0 can be arranged not to be, with ι ∞ injective. (In the simplest case, H 0 is a boundary sum of n − 1 copies of S 2 × D 2 .) We know ∂H 0 also bounds a smooth, simply connected 4-manifold, and its interior X has trivial G ∞ and no nontrivial covers. However, Theorem 5.1 still gives infinitely many nondiffeomorphic smoothings of X, distinguished by G ∞ on the cover ∂ H 0 × R of a neighborhood of infinity in X. (Note that ∂H 0 has only finitely many Z n -covers.)
As a final example, we smooth interiors of handlebodies with all indices ≤ 1. While the 2-homology, and hence the genus function, of any cover of these are trivial, we can distinguish infinitely many smoothings (presumably not Stein) by the genus function at infinity. In the simplest case, we realize all possible values of G ∞ on a generator. At the opposite extreme, infinite 1-handlebody interiors are examples with noncollarable ends accessible by our methods. The reader should be able to construct other examples.
∪ {∞} is realized as G ∞ (α) for some smooth structure on S 1 × R 3 . b) For any handlebody interior X with all indices ≤ 1 and H 1 (X) = 0, there are infinitely many diffeomorphism types of smooth structures distinguished by G ∞ (on the orientable double cover if relevant). If H 1 (X) is not finitely generated, then there are uncountably many (with the cardinality of the continuum).
Proof. For (a), embed S 1 × R 3 in S 4 as the complement of the standard S 2 . The latter has a system of neighborhoods diffeomorphic to S 2 × D 2 , which we think of as a nested system of canonically embedded handlebodies H i , each consisting of a 0-handle and 2-handle. Then ι ∞ is an isomorphism, so letting each H s i be empty in Lemma 4.6 immediately realizes k = ∞. For finite k > 0, we let H s i be H i for each i > 0, and sharpen the proof of Lemma 4.6. Let U 1 = U + 0,0,k as in the proof Theorem 3.10 be standardly embedded in H 0 . As in the proof of the lemma, we can assume the 2-handle of each H i is made by attaching topological 2-handles to a narrower version of the first stage of U 1 , which has k double points. By construction, the surface F ′ from the proof of Lemma 4.6, representing α in H 2 (H i − S 2 ), has genus k for each i. Since this is the minimal genus of the generator of U + 0,0,k , the resulting topological isotopy completes the proof of (a).
For (b), it is routine to reduce to the connected case. Then for H 1 (X) finitely generated, Corollary 5.4 completes the proof. Otherwise, we must first cap off the end with a nested 2-system. Write X as a nested union of compact, connected handlebodies, each canonically embedded in a subhandlebody of the next. We can then inductively embed X in S 4 or (if nonorientable) in RP 4 , by attaching the 1-handles of X ambiently. Each complementary region H i is diffeomorphic to a boundary sum of copies of S 2 × D 2 , and one disk bundle over RP 2 in the nonorientable case. These admit handle structures with all indices ≤ 2, and by arranging the successive 1-handles from X to avoid chosen 2-handles of H i , we can arrange the maximal stable subhandlebodies of this nested 2-system so that H 2 (H s i ) increases without bound. The result now follows from Corollary 5.2.
As in Example 3.6(a), we have great flexibility in choosing the genus filtration and genus-rank function at infinity for the above smoothings of X, as well as their diffeomorphism groups, with the differences that the subgroup Γ ∞ spanned by all elements with G ∞ < ∞ may be proper, and the other groups Γ i are finitely generated. (In the nonorientable case, we worked in H ← 2 ( X), but we could also use H ← 2 (X) as long as H 1 (X) = Z. This is because the latter condition guarantees elements of infinite order in H Remark. There are only two standard diffeomorphism types of connected handlebody interiors X as in (b) with H 1 (X) not finitely generated, although the corresponding handlebodies have many diffeomorphism types distinguished by their end structures. To see this, note that the interior of a maximal simply connected subhandlebody can be written as a nested union of balls, so is diffeomorphic to R 4 . The remaining handles can be interpreted as self end-sums, determining a unique diffeomorphism type in the orientable case as in [G2] . In the nonorientable case, find an embedded R 3 in R 4 separating one foot of each nonorientable 1-handle from their other feet. Cutting along this reduces to the case of a single nonorientable 1-handle.
Topological submanifolds
Since each smooth manifold provided by Lemma 4.6 embeds smoothly in H 0 by construction, we can use the lemma to analyze embedded submanifolds of any smooth 4-manifold X containing a suitable topologically embedded handlebody. Most obviously, for an embedding H 0 ⊂ X, the resulting smoothings of X − C embed smoothly in X. We next consider submanifolds of positive codimension. We will define a notion of minimal genus for any subset of a smooth 4-manifold, and use this to distinguish topologically ambiently isotopic embeddings of surfaces and 3-manifolds in smooth 4-manifolds. To make sense of this, we define an equivalence relation between subsets of smooth manifolds. We show that the relation is weak enough to be interesting, but strong enough for minimal genus to be an invariant. We see that the minimal genus function can be adjusted quite flexibly by topological ambient isotopy. To begin, recall that a topologically embedded submanifold of X is tame if it is the 0-section of a vector bundle, topologically embedded in X with codimension 0 (i.e. it has a topological tubular neighborhood).
Theorem 6.1. Let M 3 be the boundary of a compact, connected, orientable handlebody H topologically embedded in a smooth 4-manifold X, with H having all indices ≤ 2. Assume M is tame in X. For the inclusion-induced map ι :
Then there is an arbitrarily rapidly increasing sequence {k i | 0 < i < n} and a topological ambient isotopy of X after which M has arbitrarily small topological tubular neighborhoods U in which each ι −1 D i is the span of all smooth surfaces in U with genus ≤ k i .
Such embeddings of 3-manifolds often arise in practice. Many constructions of closed, smooth and symplectic 4-manifolds involve gluing pieces together along smooth 3-manifolds, and frequently one piece fits the above description of H with ι nonzero. For example, the preimage of a disk under a Lefschetz fibration with closed fibers always has such description.
Proof. For each i, let A i be the rational span of D i in H 2 (H), so that A 1 ⊂ · · · ⊂ A n ⊂ H 2 (H) is a filtration by direct summands, and D i = A i ∩ Im ι for each i. Since H 2 (H) is a direct summand in the 2-chain group of H, we can slide handles so that each A i is H 2 (H s i ) for some subhandlebody H s i ⊂ H containing all 1-handles of H. We interpret these as a stable subsystem of the nested 2-system canonically embedded in H, with π = id H . Since H s 1 contains all of the 1-handles, the Mayer-Vietoris sequence for H s i ∪ M shows (as at the end of the proof of Lemma 4.6) that B i , which by definition is the image of
The same sequence with i = 1 shows that ker ι is the image in H 2 (M ) of ker(j :
. Apply Lemma 4.6 with Σ induced by inclusion. By Addendum 4.7(b), we can represent a finite spanning set for ker ι = Im(ker j) by ϕ * 1 Σ-smooth, proper embeddings F × [0, ∞) → H 1 − C with k 1 exceeding their genera, and represent a similar set for each D i by such embeddings with g(F ) ≤ k i . Then each ι −1 D i is spanned by surfaces (smooth in X) with genus ≤ k i , lying in ϕ 1 (∂H n+1 ). Since the latter is ambiently isotopic to M via the canonical product structure, the theorem follows from Addendum 4.7(a) with m = n. Theorem 6.2. In a smooth 4-manifold X, let F be a compact, connected, tame surface (without boundary). Then there is an arbitrarily large integer m and a topological ambient isotopy after which F has arbitrarily small topological tubular neighborhoods for which m is the minimal genus of the generator in the minimal cover of the neighborhoods for which the surface and 4-manifold are orientable. Alternatively, the isotopy can be chosen so that there is a tubular neighborhood system for which that minimal genus increases without bound. When X is orientable and F is originally smoothly embedded, one can realize any m ≥ g(F ) if F is orientable, and otherwise any m ≥ g( F ) with m ≡ g( F ) mod 2 in the double cover. In each case, the resulting tame surface can be assumed almost smooth, i.e., smooth except at one point.
Proof. Freedman's original paper [F] shows that embedded core disks of Casson handles can be taken to be almost smooth, but rather than introduce his machinery, we import the key ideas into our present setup. For any smooth manifold W homeomorphic to D 2 × R 2 , the proof of Lemma 4.6 showed how to isotope so that D 2 × D 2 maps to a topological 2-handle h inside a smooth Casson handle CH in W , with h obtained from the first stage T of CH (squeezed into h) by adding topological 2-handles h r . We need to further improve the picture by a topological isotopy in CH that is smooth near T . First, perform the same construction in each h r to get a smaller topological 2-handle h ′ r ⊂ CH r ⊂ h r , with h ′ r topologically ambiently isotopic to h r rel its attaching circle. By compactness, h ′ r lies in some finite subtower T r of CH r . Let T * ⊂ int CH be obtained by shrinking T away from the boundary of W , so that the attaching circles of CH and T * are connected by an annulus in CH −int T * , and then attaching the towers T r . Then T * is a Casson tower, so it is diffeomorphic to a tubular neighborhood of a wedge of circles. (The core of the tower can be collapsed from the bottom up.) Since CH is simply connected, T * can be assumed after smooth isotopy to lie in a preassigned open subset V of CH. Then T is seen as an arbitrarily small smooth tower in int CH, connected to the attaching circle of CH along a smooth annulus A in CH. The 2-handles h ′ r also lie in V , disjointly from A, and attaching them to T gives a topological 2-handle h ′ ⊂ V which, when extended by a tubular neighborhood of A, becomes topologically ambiently isotopic to h, smoothly near T . In fact, up to a compactly supported topological isotopy of int
, connected to ∂W by the standard unknotted annulus A. Now for F ⊂ X as given, let H 0 ⊂ X be a D 2 -bundle neighborhood of F , realized as a handlebody with a single 2-handle. By the method of Lemma 4.6, we construct a nested 2-system canonically embedded in H 0 . (Smooth the 0-and 1-handles, then construct nested embeddings of the 2-handle inside a Casson handle.) In the minimal cover to which F and X lift orientably, we can either force the minimal genus of the generator to increase without bound (by omitting the 2-handle from each H s i ), or preserve it as some arbitrarily large integer (by setting H s 2 = H 2 ). If X is orientable and F is smooth, then the proof of Theorem 3.10 gives the initial Casson-type smoothing U 1 for realizing a preassigned m as specified above. We can assume each 2-handle is determined by h ′ ∪ A as in the previous paragraph, inside the handle h ′ of the previous stage, with the nested handles h ′ intersecting in a single point x. Then the common intersection C of the handlebodies is an almost-smooth surface topologically ambiently isotopic to F : The core disk of the original 2-handle h of H 0 has been removed from F and replaced by the infinite union of the consecutive smooth annuli, 1-point compactified at x. Since each annulus is standard up to isotopy in the previous h ′ , we can consecutively isotope the handles h ′ and annuli onto a standard model in H 0 . The limiting isotopy extends continuously over x, isotoping C onto F as required.
Clearly, these theorems smoothly distinguish infinitely many embedded submanifolds within a given topological ambient isotopy class, up to some equivalence relation. It is uninteresting that the germs of the embeddings are distinct, since germs are sensitive to tiny changes such as smoothing a corner. Instead, we define a much weaker equivalence relation, by generalizing [G1] : Definition 6.3. Two subsets Z i ⊂ X i of smooth manifolds are myopically related if for any neighborhoods U i of Z i (i = 1, 2) there are smaller neighborhoods V i that are diffeomorphic to each other, with each inclusion Z i ⊂ V i a homotopy equivalence. (Thus, we can't distinguish the subsets without glasses). Two subsets are myopically equivalent if they are connected by a finite sequence Z j ⊂ X j of subsets for which consecutive pairs are myopically related.
We may also restrict how the diffeomorphisms behave on homology or orientations. However, we don't require the diffeomorphisms to preserve the subsets Z i , which would imply that the germs are the same. We then lose the obvious proof of transitivity, but obtain (for those Z i having suitable neighborhoods for reflexivity, such as tame submanifolds) a much weaker equivalence relation: Any two continuous sections of a given smooth vector bundle are myopically related. (Inside an ǫ-disk bundle of such a section, consider an ǫ 2 -neighborhood of an ǫ 3 -close smooth section.) Some PL locally knotted surfaces in 4-manifolds are myopically related to smooth surfaces, as we show in Proposition 6.7 below. A smooth surface connected summed with infinitely many 2-knots whose diameters approach 0 is still myopically smooth.
Definition 6.4. For any subset Z ⊂ X 4 and α ∈ H 2 (Z), the minimal genus of α in Z is the supremum in Z ≥0 ∪ {∞} of the minimal genera of the images of α in neighborhoods of Z.
This agrees with previous usage when Z is itself a 4-manifold (allowing a smooth boundary), and is an invariant of myopic equivalences preserving α. We use this invariant, in the appropriate cover if necessary, to reinterpret the previous two theorems:
Corollary 6.5. In a smooth 4-manifold X, every tame compact surface F , and every 3-manifold M as in Theorem 6.1 with ι = 0, is ambiently isotopic to other submanifolds representing infinitely many myopic equivalence classes. One can realize arbitrarily large integers and ∞ as the minimal genus of the generator of F (or its suitable cover). If X is orientable and F is smooth, one can realize any integer ≥ g ( F ) , provided its parity agrees with g( F ) if F is nonorientable. For M , if Im ι has rank ≥ 2, there are (infinitely many) pairs of submanifolds ambiently isotopic to M such that each has a topological tubular neighborhood in which no tubular neighborhood of the other embeds smoothly and injectively on H 2 .
An analog of the last sentence for surfaces is given in Corollary 8.5.
Proof. The assertions about F are immediate. For M , note that a smooth embedding U 4 → V 4 that is injective on H 2 gives a pointwise inequality γ U ≤ γ V of genus-rank functions (Definition 1.8). Thus, a tame, compact submanifold inherits a limiting genus-rank functionγ : Z ≥0 → Z ≥0 from a tubular neighborhood system (independent of the choice of system). This is an invariant of myopic equivalence, and distinguishes infinitely many classes of submanifolds ambiently isotopic to M , obtained by setting 0 = D 1 = D 2 = D 3 = Im ι in Theorem 6.1. It now suffices to prove the last sentence of the corollary, by finding two submanifolds M i ambiently isotopic to M , with functionsγ not related by an inequality. We construct these simultaneously. Choose a nontrivial, proper direct summand D of Im ι. Start constructing M 1 to obtain k for which ι −1 D will be the span of all surfaces of genus ≤ k (with an arbitrarily large lower bound on the genera of surfaces not in ker ι). Construct M 2 with a neighborhood in which all surfaces not in ker ι have genus > k, and let k ′ exceed the genera of a spanning set for the homology. Then complete the construction of M 1 so that all surfaces outside ι −1 D have genus > k ′ .
For comparison, every neighborhood of a tame circle C in a smooth 4-manifold contains a neighborhood of a smooth circle topologically isotopic to C (by Quinn's Handle Straightening Theorem, cf. Proof of Lemma 4.6), but it isn't clear whether this can contain C itself to guarantee that C is myopically smooth. Question 6.6. Are all tame circles in smooth, orientable 4-manifolds myopically equivalent?
In contrast to surfaces, the 3-manifolds constructed in Theorem 6.1 with ι = 0 typically have neighborhoods U in which they cannot be made smooth away from a point by isotopy. In fact, the nonsmooth set must intersect every embedded surface F ⊂ M whose genus is strictly smaller than G( [F ] ) in U . This is consistent with Quinn's work showing that smoothing in dimension 4 breaks down on a set with codimension 2 intersection properties. We see that the phenomenon is common for 3-manifolds with nontrivial 2-homology. However, the latter condition is not necessary. An old (unpublished) observation of the author shows that Freedman's tame embedding of the Poincaré homology sphere Σ in S 4 cannot be isotoped so that smoothness fails only on some 3-ball B embedded in Σ with tame boundary: Otherwise, we could enlarge B slightly in Σ so that ∂B was a smooth 2-knot in S 4 that was topologically unknotted but had smooth Seifert solid Σ − int B. Surgering out this 2-knot would give a smooth manifold homeomorphic to S 3 × S 1 , containing a smooth copy of Σ. Gluing half of the universal cover of this onto the E 8 -plumbing along the common boundary Σ would give a smooth 4-manifold with simply connected, periodic end but intersection form E 8 , contradicting Taubes [T] .
It remains to verify that myopic equivalence sometimes ignores local knotting.
Proposition 6.7. Let F ⊂ X be a surface embedded in a 4-manifold, smoothly except on a discrete set of points where (X, F ) is locally pairwise diffeomorphic to the cone on the Whitehead double of some smoothly slice knot. Then F is myopically related to a smoothly embedded surface with the same homeomorphism type, homotopic to F in X.
Proof. Let K ⊂ S 3 = ∂B 4 be a smoothly slice knot, and let DK denote its Whitehead double (untwisted, but of either sign; see e.g. [GS] for definitions). We will find a smoothly embedded disk ∆ ⊂ B 4 with boundary DK, and a smooth embedding
. Every neighborhood of F contains another neighborhood V consisting of a ball at each cone point, together with a tubular neighborhood of the remaining punctured surface, attached to each ball along such a knot DK. Replacing each cone by the corresponding ∆ gives a smoothly embedded surface F 0 with a homeomorphism to F homotopic to inclusion in X. A tubular neighborhood N of F 0 restricts to D 2 × D 2 over each copy of ∆, and the above construction embeds V into N as a neighborhood of F 0 , myopically relating F 0 to F .
To construct ∆ and the corresponding embedding of B 4 , consider K ⊂ S 3 = ∂B, where B is the northern hemisphere of S 4 . Since K is smoothly slice, there is a smooth disk ∆ 0 ⊂ B bounded by K. There is a similar disk in the southern hemisphere; remove a standard ball pair at a point in its interior to turn S 4 into a 4-ball B ′ ⊃ B with an annulus A ⊂ B ′ − int B connecting K to an unknot in ∂B ′ . Now obtain a new disk in B ′ by doubling both surfaces: The double ∆ = D∆ 0 ⊂ B is a disk made from two parallel copies of ∆ 0 (bounding a thickening I × ∆ 0 ) by connecting them with a small twisted band near S 3 so that ∆ ∩ S 3 = DK. The double DA ⊂ B ′ − int B is a new annulus in a tubular neighborhood ′ obtained by stretching out B near DK so that it engulfs the annulus DA, and so that ∆ is sent to ∆ ′ . But this latter disk in B ′ is the double of a slice disk (∆ ′ 0 = ∆ 0 ∪ A) for the unknot, and Casson [C] observed that such a disk must be unknotted. (In ∂B ′ we see two unknots connected by a twisted band. Using unknottedness, we slide one foot of the band around its unknot to untwist it. Then ∆ ′ is given by the two components of ∂I × ∆ It is easy to find counterexamples to the proposition for more general knots. For example, a sphere of self-intersection 0 that is smooth except for a cone on a right trefoil knot has Stein neighborhoods whose generator has minimal genus 1, so it is not myopically equivalent to a smooth sphere.
Uncountable families with the same genus functions
It should be apparent from previous sections that the exotic behavior detected by the genus functions is quite different from that detected by older invariants that were developed to study smoothings of the contractible manifold R 4 . To see this contrast more clearly, we now combine the two technologies. We show that under various hypotheses, our previous results hold for uncountably many diffeomorphism types for each choice of genus data. Our techniques are compatible with the Stein condition, allowing us to prove a corollary for classical complex analysis (Corollary 7.6), implying that every domain of holomorphy in C 2 is topologically isotopic to other domains of holomorphy representing uncountably many diffeomorphism types with the original genus functions, or alternatively, with other controlled choices of G. This follows from a more general theorem involving open manifolds with definite intersection forms. (For an even more general version, see Corollary 7.4.) Theorem 7.1. Let π : X → X be a covering of open 4-manifolds, with X connected and X oriented, lifting an orientation on X if one exists. Suppose there is a smoothing Σ on X such that each compact, codimension-0 submanifold of X can be π * Σ-smoothly embedded (preserving orientation) into a smooth, closed, simply connected, negative definite 4-manifold. Then there are other such smoothings Σ t of X, whose lifts π * Σ t realize uncountably many diffeomorphism types on each component of X (with the cardinality of the continuum in ZFC set theory). Each Σ t embeds in Σ and is stably isotopic to it, has the same genus functions G and G ∞ as Σ (and similarly for Z 2 -homology and possibly nonorientable surfaces), and for each α ∈ H 3 (X) has the same 3-manifolds arising as smoothly embedded representatives of α. The smoothings π * Σ t are similarly related to π * Σ. If Σ (resp. π * Σ) has a Stein structure respecting the orientation on X, then so does each Σ t (resp. π * Σ t if X is orientable).
It follows that the smoothings Σ t realize the cardinality of the continuum in ZFC up to diffeomorphisms lifting to X. Their diffeomorphism types realize this cardinality whenever there is a base point for which Im π 1 ( X) ⊂ π 1 (X) has only countably many images (up to inner automorphism) under the homeomorphism group of X (cf. Theorem 3.5). This is automatically true if π 1 (X) is finitely generated, since it then has only countably many automorphisms. Note that there is no claim about 3-manifolds at infinity in the spirit of Remark 4.3(b). The proof shows that any sequence of 3-manifolds approaching the end of some Σ t can also be found in Σ (and similarly for X), but the converse fails: If Σ is the standard smooth structure on R 4 , then every compact subset is surrounded by a smooth 3-sphere, whereas this fails for the smoothings Σ t arising in the proof (and for all exotic R 4 's if the 4-dimensional smooth Poincaré Conjecture holds).
We can now upgrade our work to realize our previously exhibited genus functions by uncountably many smoothings (up to diffeomorphism) whenever the definiteness condition is satisfied. Here is a sample:
Corollary 7.2 (a). Suppose an orientable X is an R 2 -bundle over a closed, orientable surface F . Then for any g ′ ≥ g (F ) there are uncountably many smoothings for which the minimal genus of a generator of H 2 (X) is g ′ . If F is nonorientable, the same holds for smoothings of X with minimal genus g ′ − 1 in the canonical double cover of X, provided that g ′ ≡ g(F ) mod 2. These smoothings admit Stein structures oriented with e(X) ≤ 0, with the exceptions given in Theorem 3.10(c). b) For an end-sum of R 2 -bundles X i over surfaces, one can distinguish infinitely many smoothings (uncountably many for an infinite end-sum) by the genus function as in Examples 3.6(b,c), and each resulting genus function is realized by uncountably many diffeomorphism types provided that all X i are orientable with Euler numbers of the same sign (allowing 0), or that each orientable X i has e = 0. c) If X is the interior of a connected handlebody with all indices ≤ 2 and finitely generated 2-homology, and X topologically embeds in #nCP 2 , then any maximal filtration of H 2 (X) by direct summands is the genus filtration of a Stein smoothing with arbitrarily rapidly increasing characteristic genera and embedding in #nCP 2 , and for each realized genus function there are uncountably many such smoothings.
∪ {∞} is realized as the minimal genus of the generator at infinity for uncountably many smoothings. e) For every handlebody interior X with all indices ≤ 1 and H 1 (X) = 0, G ∞ (in the orientable double cover if necessary) distinguishes infinitely many smoothings (uncountably many if H 1 (X) is not finitely generated) embedding in S 4 (or RP 4 in the nonorientable case), and each occurring G ∞ is realized by uncountably many diffeomorphism types. f) If a 3-manifold M topologically embeds in #nCP 2 as in Theorem 6.1, then the preimage under ι of any filtration of Im ι by direct summands lies in the genus filtration of some smoothing of M × R, with corresponding characteristic genera arbitrarily large, and the same genus function is realized by uncountably many diffeomorphism types embedding in #nCP 2 . One can also similarly control minimal genera of one end with a second filtration of Im ι, in the manner of Corollary 5.5.
One can deal similarly with general handlebodies with indices ≤ 2 (Lemma 3.2) and 4-manifolds with collared ends (Corollary 5.4) or more general end structures (Theorem 5.1).
Proof. It suffices to check the definiteness condition in the appropriate cover in each case; then Theorem 7.1 applies to the relevant theorems and examples. For (a, b), note that every orientable R 2 -bundle over an orientable surface smoothly embeds in #nCP 2 for some finite n (e.g. by blowing up the trivial bundle in S 4 ). Thus, the relevant Stein-Casson smoothings also embed. An infinite end-sum of such bundles need not have such an embedding, but every compact subset of it does if the Euler numbers have the same sign. If the total space of a bundle is nonorientable, then its orientable double cover has Euler number 0. In (c), X is oriented by the embedding in #nCP 2 , and the induced smooth structure on X can be assumed to have Casson type by Quinn's Handle Straightening Theorem. Theorem 3.8 gives refinements of this smoothing by Addendum 3.3. For (d, e), the smoothings from Theorem 5.7 embed in or lift to S 4 by construction. For (f), combine the proofs of Theorem 6.1 and Corollary 5.5.
Proof of Theorem 7.1. If R is an exotic R 4 , we can create a new smooth structure Σ ′ on X by forming an end-sum of Σ with R (cf. [G2] , [GS] ): Choose rays γ and γ R smoothly embedding [0, ∞) into X Σ and R, respectively, with tubular neighborhoods U and U R bounded by smoothly properly embedded copies of R 3 . Choose a homeomorphism (preserving orientations if they have been specified) from R − U R to cl U that is smooth near the boundary. (To find such a homeomorphism, use Quinn's handle straightening to smooth γ R and U R in the standard smoothing of R 4 , and conclude that they are topologically standard.) Then push forward the smooth structure of R to U and extend it to agree with Σ outside U . The resulting smooth manifold X Σ ′ can be thought of as X Σ glued together with R at infinity. Similarly, we can sum with infinitely many exotic R 4 's using a proper embedding of Z + × [0, ∞). The stable isotopy class of Σ is preserved under such end-sums since cl U ≈ R 3 × [0, ∞) has a unique stable isotopy class of smoothings.
Remark. The isotopy and diffeomorphism class of an end-sum of Σ with R depend on the end of X specified by γ, and the local orientations, but are otherwise well defined if, for example, the end is simply connected or topologically collared, or X is a handlebody interior with only finitely many 3-handles [CH] .
If R embeds smoothly in S 4 , then Σ ′ and its lift satisfy all of our requirements for a smoothing Σ t except possibly the Stein condition. The first step in proving this is to construct smooth embeddings i : X Σ → X Σ ′ and j : X Σ ′ → X Σ that have topological isotopies to the identity id X . For i, begin with the Σ-smooth family of embeddings γ s (t) = γ(t + s), for 0 ≤ s < ∞, sliding the ray γ out to infinity. This can be extended to a smooth family of diffeomorphisms of X, whose limit as s → ∞ has domain X − cl U and is the inverse of i. For j, choose smooth balls B ⊂ U and
Connecting the boundaries of U and U R by a thickened smooth arc gives the embedding j : X Σ ′ → X Σ as the end-sum of X Σ − cl U with R − cl U R ⊂ B along the arc. This j is topologically isotopic to id X by first radially shrinking the half-space R − U R , then absorbing the arc into X − cl U , and finally applying our previous isotopy of i.
To verify the conclusions of Theorem 7.1 for such a smoothing Σ ′ , note that i sends any smooth submanifold of X Σ to one in X Σ ′ representing the same homology class, and j does the same in the opposite direction. The statements about G, its Z 2 analog, and H 3 (X) follow immediately for both Σ ′ and π * Σ ′ , (since the latter is obtained from π * Σ by a multiple end-sum), and π * Σ ′ inherits the given relation to definite manifolds. To show that end-summing with R cannot increase values of G ∞ , note that any smooth surface in X Σ can be pushed off of the 1-manifold Im γ while avoiding a preassigned compact subset. (This fails for embedded 3-manifolds.) For the reverse inequality, it suffices to show that for every neighborhood X − K of infinity in X Σ , there is one in X Σ ′ with a smooth (not proper) embedding in (X − K) Σ that is isotopic in X − K to the inclusion. But this is easily arranged by repeating our construction of j after truncating γ to be disjoint from K. Since end-summing is equivalent to attaching the corresponding handlebodies by 1-handles, X Σ ′ will be Stein if both X Σ and R are (since we assume the orientations are respected), and similarly for X. We obtain the necessary Stein exotic R 4 's below. To obtain an uncountable family, we must choose R with additional care. The simplest known exotic R 4 , which we will denote R * , was constructed in [BG] . (See also Theorem 9.3.8 of [GS] .) This smoothly embeds in S 4 , and has Stein-Casson type [G4] , built with two 1-handles, a 2-handle and the Casson handle with a positive, unique double point at each stage. It arose as the limit of a sequence of exotic R 4 's associated to a sequence of nontrivial h-cobordisms of elliptic surfaces. The R 4 's in the sequence are each obtained from R * by refining the Casson handle (above successively higher stages), and can be assumed (when suitably refined) to retain Stein-Casson type. Let R 1 be the first element of this sequence, associated to the h-cobordism W from ∂ − W = K3#CP 2 to ∂ + W , a sum of ±CP 2 's. (Presumably R * could be used in place of R 1 below, but the required gauge theory doesn't seem to have been worked out carefully beyond the first h-cobordism in the sequence.) The h-cobordism W is a product outside a compact subset intersecting ∂ − W in a compact, codimension-0 submanifold K contained in, and oriented by, an embedded copy of R 1 ⊂ ∂ − W , and ∂ + W is obtained from ∂ − W by removing a large neighborhood of K ⊂ R 1 from ∂ − W and regluing it by a diffeomorphism near the end of R 1 . We can now obtain a family {R t |t ∈ Q} of Stein exotic R 4 's, indexed by the standard Cantor set Q ⊂ I = [0, 1], such that K ⊂ R s ⊂ R t with compact closure whenever s < t: First note that any given compact subset L ⊂ R 1 has intersection with the Casson handle lying in some finite subtower T n . The complement of T n in the Casson handle is a disjoint union of higher-stage Casson handles. Setting L = K and applying Quinn's Handle Straightening Theorem (see proof of Lemma 4.6), we can find Casson handles inside these, which when attached to T n produce R 1/3 , a new Stein exotic R 4 such that K ⊂ R 1/3 ⊂ R 1 with compact closure. Iterating, for all endpoints in Q of middle thirds, and passing to the limit as in [F] , gives the required family. (Such families of nested Casson handles indexed by Q were a crucial part of Freedman's proof that Casson handles are homeomorphic to 2-handles. However, they are much harder to construct without presupposing Freedman's Theorem through Quinn's.) A gauge-theoretic argument developed by DeMichelis and Freedman [DF] shows that each diffeomorphism type in the family {R t } occurs only countably often, whereas Q has the cardinality of the continuum, so the diffeomorphism types also have this cardinality according to ZFC set theory. If the smooth structure Σ t on X is obtained by end-summing Σ with R t as above, then Lemma 7.3, with each X t a component of X π * Σ independent of t, generalizes this result to the family {π * Σ t }, completing the proof.
Lemma 7.3. For (R 1 , K) as in the previous proof and a subset Q ⊂ I containing 1, let {(R t , K)|t ∈ Q} be a family of smooth manifolds homeomorphic to R 4 , each containing a smoothly embedded copy of K, such that whenever s, t ∈ Q with s < t, there is a smooth embedding R s ֒→R t whose image has compact closure, restricting to the identity on K. Let {X t |t ∈ Q} be any family of smooth, oriented, noncompact 4-manifolds (allowing boundary) such that each compact, codimension-0 submanifold of each X t smoothly embeds, preserving orientation, into a smooth, closed, simply connected, negative definite 4-manifold. For each t ∈ Q, let X ′ t be obtained from X t by end-summing with (possibly infinitely many) copies of R t , with at least one sum respecting the orientations of X t and K. Then in the family {X ′ t |t ∈ Q}, each diffeomorphism type appears only countably often.
The main reason for allowing X t to depend on t is that [G8] will consider topologically isotopic embeddings in a complex surface, whose images are nested with the order type of (0, 1], such that the images for t in the standard Cantor set are Stein open subsets. Typically, these families will determine many smooth structures on the domain, but Lemma 7.3 still applies to give a sharper version of Corollary 7.6 below.
Proof. We use the method of [DF] augmented as in [G3] . First we show that for s, t ∈ Q with s < t, no diffeomorphism (or even embedding) can map X ′ t into X ′ s so that the copy of K in one R t summand maps by the identity to K in some R s summand respecting the orientation of X s . Otherwise, we could find an embedding i : R s ֒→R s #N , for some negative definite N as given in the lemma (oriented compatibly with K ⊂ R s ), with i|K = id K , and with i(R s ) having compact closure. We will see below that this is a contradiction. To construct i, first compose the given rel K embeddings, R s ֒→R t ֒→X ′ t ֒→X ′ s (so compact closure is inherited from the first embedding). Then embed the latter into the end-sum X ′′ s of X s with just the given copy of R s , by eliminating any other summands as in the previous proof, using the fact that R 1 embeds in R * and hence in S 4 . The image of R s under the composite embedding lies in a compact subset of X ′′ s , which we can assume (after enlarging as necessary) is a 4-manifold intersecting the separating R 3 in a 3-ball. Thus, it can be written as the boundary sum K 1 ♮K 2 of two pieces with K ⊂ K 1 ⊂ R s and K 2 ⊂ X s . By hypothesis, K 2 then embeds in a closed, negative definite N . Form the connected sum R s #N using balls disjoint from K 1 , K 2 but near their correct boundary components so that we may ambiently add a 1-handle to get the required embedding R s ֒→K 1 ♮K 2 ֒→R s #N .
The required contradiction now arises exactly as in the proof of Lemma 1.2 of [G3] . Briefly, for the cobordism W in the previous proof, we have embeddings R s ֒→R 1 ֒→∂ − W rel K and R s − K֒→∂ + W that are identified outside of K by the product structure on W . By repeatedly summing ∂ − W with N and applying the embedding i, we obtain ∂ − W #nN with n consecutive rings, each diffeomorphic to R s #N with a fixed compact subset of i(R s ) removed, separating a neighborhood of K from the rest of the manifold. Removing the neighborhood of K and letting n → ∞, we obtain an open 4-manifold with a negative definite, periodic end. A similar construction applies to ∂ + W , and these two end-periodic manifolds are diffeomorphic by construction. However, the manifolds ∂ ± W are distinguished by a gaugetheoretic invariant, which by work of Taubes [T] (followed by [DF] ) is well-defined on the end-periodic manifolds but unchanged during their construction from ∂ ± W . Since the end-periodic manifolds are diffeomorphic, this is a contradiction. Now for s = t, suppose there is a diffeomorphism ϕ :
For any choice of end-summands respecting orientations, we have shown that ϕ cannot be the identity on the corresponding copies of K. Given another diffeomorphism ψ : X ′ r → X ′ s with r = t, then ϕ|K and ψ|K cannot be smoothly isotopic for any such K, or else ψ −1 • ϕ would contradict this assertion. Thus, the set of t for which X ′ t is diffeomorphic to a given X ′ s has cardinality bounded by that of the set of isotopy classes of embeddings K֒→X ′ s . However, this latter cardinality is countable since K is compact. (For example, pass to the PL category and note that any fixed triangulations of K and X ′ s support only countably many embeddings, then note that any given embedding is captured after finitely many barycentric subdivisions.) Corollary 7.4. For X connected, Theorem 7.1 remains true under the weaker hypothesis that X has a closed, noncompact subset Y with a compact, π * Σ-smooth 3-manifold boundary, for which every compact submanifold of Y embeds as specified in the theorem.
Proof. Construct {Σ t } as before, using a ray in X with a lift into Y . (To find such a ray, start with any ray γ in Y . If π • γ is not proper, then γ hits infinitely many lifts of some evenly covered, connected neighborhood. Since ∂Y is compact, a ray from this neighborhood has infinitely many lifts in Y .) The corollary follows, with only the uncountability conclusion requiring comment. For this, note that by Lemma 7.3, the smoothings restrict to uncountably many diffeomorphism types on Y . If a diffeomorphism between the smoothings on X preserved the compact subset ∂Y and its normal orientation, then it would restrict to a diffeomorphism on Y . Thus, the argument of the previous paragraph shows that each diffeomorphism type on X occurs only countably often.
Corollary 7.5. In Lemma 4.6, if int H 0 is connected and embeds π * Σ-smoothly in a smooth, closed, simply connected, negative definite 4-manifold, then each combination of G and G ∞ realized by some ϕ 1 on int H 0 − C and int H 0 − C is also realized by other isotopies yielding uncountably many smoothings on int H 0 − C, with the cardinality of the continuum in ZFC. Similar families arise for coverings π : X → X whose smoothings are obtained by applying the lemma to a proper topological embedding of H 0 − C.
Proof. Let Y in Corollary 7.4 be a neighborhood of infinity in H 0 − C, with π * ϕ * 1 Σ-smooth boundary. The resulting smoothings on int H 0 − C embed in ϕ * 1 Σ, with the embedding isotopic to the identity. This gives some improvements in Section 5, but is incompatible with S 2 × S 2 -stabilization arguments, and seems less useful in Section 3. For example, one might try to generalize Corollary 7.2(b) or (c) to a manifold X = X with a smooth sphere S of square +1 whose complement embeds as required, with S obtained by attaching a 2-handle along a +1-framed unknot. Corollary 7.4 applies with Y the complement of a tubular neighborhood of S. However, to control the genus function we must obtain a Stein smoothing, replacing the 2-handle by a Casson handle, after which it may be impossible to excise S as required. This same situation occurs in the standard construction of an exotic R 4 not embedding in a negative definite manifold (cf. [GS] Theorem 9.4.3): The 0-handle and Casson handle, with S removed, comprise an exotic S 3 × R for which no S 3 × (a, b) embeds in a negative definite manifold. Such a Casson handle would thwart the above plan. The case of S 2 × S 2 -summands is similar. It is a classical problem to understand which open subsets of C 2 are domains of holomorphy, that is, are Stein surfaces in the complex structure inherited from the embedding. The question is studied in C 2 and in more general complex surfaces S in [G5] , [G7] , where the subset is allowed to vary by topological, resp. smooth, isotopy of its inclusion map. Corollary 7.6. Let S be a complex surface, with a cover S diffeomorphic (preserving orientation) to an open subset of a possibly infinite blowup of C 2 . Given a topological embedding f : X֒→S of an open 4-manifold, let f : X֒→ S be its lift to an embedding onto the (possibly disconnected) preimage of f (X). a) Suppose f (X) is a Stein open subset of S. Then f is topologically isotopic to other embeddings with Stein images, whose lifts realize uncountably many diffeomorphism types on each component of X, such that the genus functions (G and G ∞ on both X and X) are all the same as for f . b) Alternatively, suppose X is homeomorphic to the interior of a handlebody with all indices ≤ 2.
Then f is topologically isotopic to embeddings with Stein images, whose lifts realize uncountably many diffeomorphism types on each component of X, whose genus functions (G and G ∞ on both X and X) all agree, and for which G on X can be controlled as in Lemma 3.2.
In each case, the diffeomorphism types on X realize the cardinality of the continuum in ZFC for each realized G and G ∞ . The same holds on X if (for example) S = S (e.g. S = C 2 ) or π 1 (X) is finitely generated. If S = S and X is connected with H 2 (X) finitely generated, then this cardinality can be realized in (b) with any maximal filtration chosen to be the genus filtration, as in Theorem 3.8.
While we do not conclude that the isotopies are ambient, this can be arranged if f extends smoothly (resp. tamely and properly) over the boundary of the relevant handlebody [G8] , cf. Remark 2.3.
Proof. For (a), note that while S may be an infinite connected sum with copies of CP 2 , every compact subset of f ( X) only intersects finitely many summands, and so lies in a finite blowup of S 4 = C 2 ∪ {∞}. Thus, Theorem 7.1 applies to the projection π : X → X, with the smoothing Σ induced by f , yielding exotic smoothings Σ t obtained by end-summing Σ with R t . These all admit Stein structures respecting the complex orientations of X and X, since Σ does by hypothesis. Each X Σt smoothly embeds into X Σ , and hence into S, and (by the proof of Theorem 7.1) the latter embedding f t is topologically isotopic to f rel the core 2-complex C of X (which is the interior of a 2-handlebody). By [G7] (cf. also [CE] Theorem 13.8), an embedding onto an open subset of a complex surface is smoothly isotopic to one with Stein image if and only if the induced complex structure on the domain is homotopic (through almost-complex structures) to a Stein structure on it. This condition is trivially satisfied for Σ. Since the Stein structures of Σ and Σ t are equal near C, which is a deformation retract of X, the condition is also satisfied by Σ t , so f t is Σ t -smoothly isotopic to an embedding in S with Stein image.
Part (b) follows from [G5] , which proves that any embedding of such an X into a complex surface is topologically isotopic to one with Stein image. Another way to view that theorem is that we can arrange X to have Stein-Casson type, realizing the homotopy class of almost-complex structures induced by the embedding, then invoke [G7] . To control G, further refine the Stein-Casson smoothing using Lemma 3.2 and Addendum 3.3 (before applying [G7] ). The result now follows from (a).
The hypothesis that subsets of X embed in negative definite manifolds can be bypassed by using a different technique for constructing uncountable families, related to the large exotic R 4 construction:
Theorem 7.7. Let X = X * − {x}, where X * is ±CP 2 , S 2 × S 2 , a K3-surface, or a finite connected sum of these. Let {A i |0 ≤ i ≤ b 2 (X)} be a filtration of H 2 (X) by distinct direct summands. Then there are uncountably many diffeomorphism types of Stein smoothings on X (with the cardinality of the continuum), having genus filtration {A i } and all having the same genus-rank function, whose characteristic genera can be chosen to increase arbitrarily rapidly. The smoothings can be assumed to have the same values of G(α) for any preassigned finite collection of classes α ∈ H 2 (X).
It is possible that every smooth, closed, simply connected 4-manifold is homeomorphic to some X * as given (with S 4 the trivial connected sum); this is the notorious 11 8 -Conjecture. Proof. Since the theorem is well-known when X * = S 4 , we may assume b 2 (X) = 0, and orient X so that it is not negative definite. Let Y be Freedman's ([F] , [FQ] ) closed, simply connected, topological 4-manifold with vanishing Kirby-Siebenmann invariant and intersection form E 8 ⊕ −1 (negative definite but not diagonalizable). Then Z = X * #Y also has vanishing Kirby-Siebenmann invariant but intersection form odd and indefinite, hence, diagonalizable. By Freedman's classification, Z is homeomorphic to a connected sum of copies of ±CP 2 , so it inherits a smooth structure. However X * was chosen, there is a finite handlebody with interior X and all indices ≤ 2 (and no 1-handles). As in the proof of Theorem 3.8, we can assume each A i is the homology of a subhandlebody. By Quinn's Handle Straightening Theorem (proof of Lemma 4.6), we can (nonambiently) isotope the embedding of X in Z so that it inherits a Casson-type smoothing. Applying Lemma 3.2 and Addendum 3.3, we can further refine the Casson handles so that the genus filtration is {A i } and X has Stein-Casson type. We will construct uncountably many smoothings with the same genus filtration and genus-rank function as this one. (The argument also applies when the genus filtration is not maximal.) Choose a finite collection of surfaces in X including minimal genus representatives of each preassigned class α and a spanning set for each subgroup in the genus filtration as guaranteed by the definition of the latter. Let T ⊂ cl X ⊂ Z be obtained by replacing each Casson handle by its first few stages. By compactness, we can assume T contains each surface in our finite collection, provided that enough stages of the Casson handles have been included in T . Then any refinement of X containing int T must have the same genus filtration, genus-rank function, and values of each G(α) as before. As with {R t } in the last paragraph of the proof of Theorem 7.1, we can refine the Casson handles to construct a family {X t } of such Stein-Casson smoothings of X indexed by the Cantor set, such that X s ⊂ X t with compact closure whenever s < t. By a standard argument (e.g. Theorem 9.4.10 of [GS] ), no two of these are diffeomorphic: If X s and X t with s < t even have diffeomorphic neighborhoods of their ends, let W ⊂ X t consist of the two diffeomorphic neighborhoods and the region lying in between. Then W is homeomorphic to S 3 × R, and we can smoothly glue copies of W together near their ends to get other manifolds homeomorphic to S 3 × R. Glue an infinite stack of copies of W onto Z − X s to obtain a smooth manifold homeomorphic to Y − {y} but with a periodic end. This contradicts a theorem of Taubes [T] .
Related Phenomena
In this final section, we extend our results in several directions. We further examine the range of values of the genus functions for smoothings on a fixed 4-manifold. We show that additional information can sometimes be gained by allowing surfaces to be immersed rather than embedded. Finally, we present some examples showing the limits of our current knowledge of exotic smoothings on open 4-manifolds.
Having shown in previous sections how to force the genus functions G and G ∞ to be large, and having computed a few examples explicitly, we now ask in general how small these functions can be. There is a lower bound obtained by passing to the topological category. We can define topological genus functions G TOP and G TOP ∞ as in the smooth case, using tame, topologically embedded surfaces. Clearly, these provide lower bounds for the corresponding invariants of any smooth structure. We now prove that these lower bounds are sharp for open 4-manifolds.
Theorem 8.1. For every open 4-manifold X, every stable isotopy class admits a smoothing for which X and all of its covers satisfy G = G TOP , G ∞ = G TOP ∞ and similarly for Z 2 coefficients and surfaces allowed to be nonorientable.
Sometimes such smoothings come in uncountable families, e.g., for R 4 . However, the construction uniquely picks an isotopy class of smoothings from each stable isotopy class, and the set of these isotopy classes is preserved under homeomorphisms. It seems unlikely that the theorem holds for closed 4-manifolds. There are tame topological surfaces in CP 2 (for example) that violate the adjunction inequality [LW] . However, it seems hard to rule out exotic (nonsymplectic) smooth structures in which these surfaces could be smooth. The theorem yields a smoothing on CP 2 − {x} with smaller genus function than CP 2 .
Proof. Given a surface F (possibly disconnected or noncompact) properly and tamely embedded in X, we first construct a smoothing Σ F of X in which F is smooth. Start with the standard smoothing on a normal disk bundle N of F . Since X − int N has no compact components, we can smooth it rel ∂N [Q] . This smoothing fits together with the one on N to give Σ F . We can arrange Σ F to represent any stable isotopy class. This is because the map H 3 (X − int N, ∂N ; Z 2 ) ∼ = H 3 (X, F ; Z 2 ) → H 3 (X; Z 2 ) is surjective, so we can switch to any other stable isotopy class by changing the stable isotopy class on X − int N , which can be chosen arbitrarily.
The required smoothing now results from a general construction of Freedman and Taylor [FT] using R U , their universal exotic R 4 . Given a smoothing Σ of X, choose a smooth, proper embedding γ : [0, ∞)×S → X with discrete (hence countable) index set S, so that the component rays of γ determine a dense subset of the space of ends E(X). Let Σ * be the result of end-summing Σ with a copy of R U along each of these rays. As is proved in [FT] , the isotopy class of Σ * is independent of choice of γ, and only depends on Σ through its stable isotopy class. Thus, for a fixed stable isotopy class, the corresponding smoothing Σ * will have the desired properties: Every tame surface F ⊂ X is smooth in Σ * F (provided that we choose γ and its tubular neighborhood disjoint from F ), so the given isotopy between smoothings also smooths F in Σ * . Thus, Σ * satisfies G = G TOP . For α ∈ H ← 2 (X), we can realize G TOP ∞ (α) by a tame, proper embedding of an infinite union of compact surfaces into X (in successive neighborhoods of infinity), so we have G ∞ = G TOP ∞ . The same reasoning also applies to the domain of any covering π : X → X, once we verify that π * (Σ * ) is constructed from R U as above. That is, it suffices to show that γ lifts to a proper embedding γ : [0, ∞) × S → X (onto π −1 (Im γ)) such that the component rays determine a dense subset of E( X). To see that the embedding γ is proper, let K ⊂ X be compact, and let {a i } be a sequence in Im( γ)∩K. Then {π(a i )} has a subsequence converging to some x ∈ Im(γ) ∩ π(K). An evenly covered neighborhood of x has only finitely many lifts intersecting K, so some subsequence of {a i } converges (to a point in π −1 (x)) as required. The remaining condition on γ is equivalent to saying that for every compact, codimension-0 submanifold K ⊂ X, each noncompact componentŪ of X − int K contains some γ([n, ∞) × {s}). There are now two cases: If some π −1 (x) ∩Ū is infinite, extend some ray of γ to include x. This extended ray then has infinitely many lifts intersectingŪ , only finitely many of which can intersect the compact set K, so some lift of a ray of γ is entirely contained inŪ as required. In the remaining case, every open, connected, evenly covered subset V of X has preimage intersectingŪ inside only finitely many sheets. This is because K intersects only finitely many sheets of π −1 (V ), and each remaining sheet (being connected) either lies inŪ or is disjoint from it. It follows immediately that π|Ū is proper (e.g. by sequential compactness). In particular, K ′ = π −1 (π(K))∩Ū is compact, and any noncompact component ofŪ − int K ′ will map onto a subset of X containing a piece of Im γ that suitably lifts toŪ .
We can similarly deal with tame, compact 3-manifolds M ⊂ X in place of embedded surfaces. The main differences are that a smoothing for which M is smooth may not exist if M cuts out a compact subset of X, and smoothness of M restricts the stable isotopy class of the ambient smooth structure.
Minimal genus techniques can be supplemented by considering generically immersed surfaces. For a smooth, oriented 4-manifold X and α ∈ H 2 (X), let g im (α) denote the minimal genus of an immersed (or equivalently, continuously mapped) surface representing α. For example, this vanishes when X is simply connected, and equals g(F ) when α is a generator for an R 2 -bundle over an orientable surface F .
Definition 8.2. The kinkiness of a class α is the pair κ(α) = (κ + (α), κ − (α)), where κ + (α) (resp. κ − (α)) is the minimum number of positive (resp. negative) double points of smoothly, generically immersed surfaces of genus g im (α) representing α.
This was first introduced in [G1] , in the context of immersed disks in manifolds with boundary. Note that there may not be a single surface representing both κ + (α) and κ − (α) simultaneously. For example, if X is obtained from B 4 by attaching a 2-handle along a ±1-framed Figure-8 knot K, and α generates its homology, then κ(α) = (0, 0), although there is no embedded sphere because the boundary has nontrivial Rohlin invariant. (The relevant immersed spheres are constructed by noticing that K can be unknotted by a single crossing change, and the sign of the crossing can be chosen arbitrarily since K is amphichiral.) This also illustrates that there is no obvious general relation between kinkiness and the corresponding genus function, although if one counts double points without sign, one obtains an upper bound on both G − g im and κ + + κ − . Kinkiness has the advantage of supplying two integer invariants, which can sometimes be controlled independently. For example: Theorem 8.3. For an oriented X that is an R 2 -bundle over an orientable surface F , let α ∈ H 2 (X) be a generator. Then for each pair k, l ∈ Z ≥0 , there are uncountably many diffeomorphism types of smoothings of X with κ(α) = (k, l), provided that |e(X)| ≤ 2g (F ) , or more generally, that 2k ≥ χ(F ) + e(X) (or k = 0) and 2l ≥ χ(F ) − e(X) (or l = 0). Thus, every X realizes all k or all l in this manner.
This provides information that cannot be obtained from the minimal genus function. For example, those smoothings with κ + (α) = κ − (α) admit no orientation-reversing self-diffeomorphism, even if e(X) = 0. More complicated handlebody interiors with indices ≤ 2 can be similarly analyzed by applying the method below to Legendrian Kirby diagrams.
Proof. Let CH k be the Casson handle with all double points positive, having k double points at the first stage and just one in each subsequent kinky handle. Write X as the interior of a handlebody with a unique 2-handle, and let W k,l be its Casson-type smoothing whose Casson handle is the simplest common refinement of CH k and CH l after we reverse orientation on the latter. Then α is represented by an obvious immersed surface of the correct genus, with k positive and l negative double points, providing the required upper bounds for κ(α). To show κ + (α) ≥ k, note that W k,l embeds in W k,0 , which for positive k as given above is the Stein surface U + g,e(X),k from the proof of Theorem 3.10. The desired inequality follows from the adjunction inequality for immersed surfaces, Theorem 2.1. The lower bound on κ − follows similarly with reversed orientation. Since each W k,l smoothly embeds in X, and hence in a negative definite 4-manifold (for some orientation on W k,l ), we obtain uncountably many diffeomorphism types as in Theorem 7.1. (Summing with a small exotic R 4 preserves κ.)
As with minimal genus, we can define kinkiness on the 2-homology of any subset Z of a smooth, oriented 4-manifold, using immersions of a surface that has minimal genus for maps into Z representing the given class. Its values are ordered pairs of elements of Z ≥0 ∪ {∞} (cf. Definition 6.4). This is an invariant of myopic equivalences preserving orientation and the homology class. The method of Theorem 6.2, applied to the manifolds W k,l ⊂ X from the above proof, shows: Theorem 8.4. Every orientable surface smoothly embedded in an oriented 4-manifold is topologically ambiently isotopic to almost-smooth surfaces realizing all pairs κ ± (α) ∈ Z ≥0 ∪ {∞} satisfying the restrictions of Theorem 8.3. For a tame, topological embedding, all pairs with κ ± (α) ∈ {m, . . . , ∞} for a sufficiently large m are similarly realized.
The last sentence is stronger than its analog in Theorem 6.2 since negative double points raise the obvious upper bound for G but not for κ + . We can now complete our discussion of Corollary 6.5: Corollary 8.5. Let F be a tame, orientable, compact surface in a smooth, orientable 4-manifold X. Then for every n ∈ Z + there are n almost-smooth surfaces ambiently isotopic to F such that each has a neighborhood in which no neighborhood of any other embeds smoothly, preserving [F ] up to sign.
Proof. Choose surfaces F r such that κ − (F 1 ) < · · · < κ − (F n ) ≤ κ + (F n ) < · · · < κ + (F 1 ). This works even for embeddings reversing orientation on X or [F ] .
The first use of kinkiness [G1] was rel boundary, for a circle in the boundary of a 4-manifold, such as a classical knot in ∂B 4 or the attaching circle of a Casson handle, and for flat topological disks (the analog of Theorem 8.4). The above techniques generalize easily to this context (and to more general rel boundary settings). We immediately obtain the most general current results on classifying Casson handles: Given a signed tree for a Casson handle CH, remove all negative edges, take the connected component containing the base point, and prune away all finite branches. Then the resulting valence of the base point is a lower bound on κ + (CH) (and on G(CH)), defined relative to the attaching circle, and similarly with reversed signs. For example, the Casson handles of the smoothings W k.l in the proof of Theorem 8.3 are all distinguished (up to orientation-preserving diffeomorphism) by their kinkiness (k, l).
One can also define the kinkiness at infinity on classes in H ← 2 (X) with g im finite. However, this seems harder to control. While it is routine to adapt the methods of this paper to construct lower bounds, upper bounds seem more difficult since the naturally arising immersed surfaces intersect C. The author knows no examples of smoothings with a finite value of κ ± at infinity that is strictly larger than the corresponding topological value.
We end the paper with a nearly 30 year old question that still addresses the limits of our knowledge of open 4-manifolds: Every open 4-manifold admits at least one smoothing by Quinn [Q] , [FQ] , in fact, there is a smoothing in each stable isotopy class. It seems reasonable to conjecture that there are always uncountably many diffeomorphism types, although one might wonder if there could be an open topological 4-manifold sufficiently complicated that any smoothing is forced to have universal ends. This would imply uniqueness if there is no 3-homology over Z 2 , and uniqueness within each stable isotopy class in general.
Example 8.7. For an example on which it seems that no exotic smoothings can currently be detected, let Z be obtained from S 1 × D 3 by adding a 2-handle representing three times the generator of π 1 . Then the double DZ = ∂(Z × I) is a Z 2 -homology 4-sphere with π 1 (DZ) = H 2 (DZ) = Z 3 (and DZ is uniquely determined by a Z 2 -choice of 2-handle framing, as seen by Kirby calculus or by handle theory in dimension 5). Let X be an infinite connected sum of copies of DZ with a single end. Then H 3 (X; Z 2 ) = 0, so there is only one stable isotopy class of smoothings. However, H 3 (X; Z 3 ) has infinite dimension, so any handle decomposition of any smoothing of X has infinitely many 3-handles, rendering Taylor's invariant and our Section 3 hard to apply to X or any cover X. Furthermore, H ← 2 ( X) = 0, since X is an infinite connected sum of compact 4-manifolds and so has no nontrivial sequences of homologous surfaces limiting toward infinity. Thus, G ∞ yields no information. Since DZ minus finitely many balls cannot embed in any simply connected 4-manifold by the Seifert-Van Kampen Theorem, and its unique nontrivial cover (# 2 S 2 × S 2 ) is indefinite, there are no embeddings of subsets of X in negative definite manifolds as required for Theorem 7.1 or [GS] Theorem 9.4.24. This apparently exhausts currently known technology. It is not even clear how to construct smooth structures on X that seem likely to be exotic. An obvious start would be to replace the 2-handle of each Z by a Casson handle. (The dual 2-handles are harder to tinker with, since each has a 3-handle running over it three times.) One could then hope that the genus function on some cover X distinguishes them. However, this fails since the undisturbed dual handle provides an embedded S 2 with trivial normal bundle, intersecting the immersed disk from the Casson handle in a single point, allowing us to remove its intersections. This yields smooth S 2 × S 2 summands in X, so the genus function vanishes on the relevant homology classes. Furthermore, infinitely many such summands approaching each end would render the entire smoothing on X standard by the stable Proper h-Cobordism Theorem. One might hope to do better by end-summing with exotic R 4 's, but these smoothings are hard to distinguish, and again become trivial on many covers of X.
